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P R O OE M I U M. 



Ante biennium fere, cum theoriam fimctionum ellipticarum ac- 
curatius examinare placuit, incidi in quaestiones qnasdam graTis- 
simas, quae ct theoriae illi novam faciem creare, et universam 
artem analyticam insigniter promovere videbantur. Quihus ad 
exitum ielicem et propter difticultatem rei vix expectatum per- 
ductis, prima earum momenta breviter et sine demonstratio- 
ne, mox cum vehementius illa desiderari, et invento novo vix 
fidem tribui videretur, addita demonstratione , cum Geometris 
communicavi. Urgebar simul, ut systema completum quaestio- 
num a me susceptarum in publicum ederem. Cui desiderio ut ex 
parte saltem satisfacerem , fundamenta, quibus quaestiones meae 
superstructae sunt , in publicum edere constitui. Quae fimdamenta 
nova theoriae fiinctionum ellipticarum iam indulgentiae Geometra- 
rum commeiidamus. 
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Ut a typographorum mendis, qnantnm tieri potuit, mundus 
evaderet liber, Cl. Scherk curare Toluit, cui ea de re valde me 
obstrictum esse profiteor: Quae emendanda restant, ad catcem 
adiecta stmt. 

Scribeliat» m. Felir. a. 1829 
a<l Unir. Regiom. 
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TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM. 



EXFOSITIO FROBLESIATIS CeNERALIS 0£ TRANSFORBIATIONE. 



lategralia maxime memorabilia, qaaeFonnula Avlt;i^.n^i» / ■ !: ■ ^ etqnaeFunc- 

tioQnm Ellipticarnm , qoae dicnntur, primam speciem constitnnnt, ab Argnmento tXa- 
plice pendent, et ab AmpUtudine t^ et a Moilnlo k. Eiusmotli functioDis inter se coaipa- 
ratis Taloribus, qnos illa pro direrais Amplitadinibns obtinet, eodem manente Modnlo, 
egregia mnlta (letexeniDt Analystae, qnae Additionem eonim et Multiplicationem spectant. 
Quam nuper ridimus quaestionem a CI. Abel in Conimentatione, oostra laude majore, mi- 
rum in modum prorectam esse (V. Crelle Journal fur relne und angewandte Mathema- 

tikv.n.). 

Alia est quaestio nec minoris momeoti — imma sensn latissimo capla illam inrol- 
rens — de comparatione Fnnctionnm Ellipticanim pro ModnKs inirtitaenda dirersis. 
Quam quaestionem post praedara -inventa Cf Legendre — 'HeoriRe Functionnm Ellipti- 
camm Conditoris — ad principia certa nos primi rerocarimns, eiasc{ue Aolationem deili- 
mus generalem (V. Aatronomiache Nachrichten A, 1827. No. tZS. 127). Hanc nostram de 
Transformatione Theoriam et quae alia inde in Analjsin Fnnctionum Ellipticarnm reilun- 
dant, iam fitsias exponemus. 
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2. 

Froblema, <juo(1 nobis propODimiis, geuerale hoc eat: 

„ Quatritur Functio rationali» y eUmenti x ejuamodi , ut ait : 
dy dx ., 



/a'+ B'y + C'y> + 1>V' + E?' /"a+Bk + Ci"+D«' + Ei' " 

C,hio(l Froblema et MultipIicalioDem videmas amplecti et 1'raDsformulionein, 

Innumcra iam diu constaliant exi-mpla eiusmodi iutictionum ratioualium y, ijuae 
problemati prOposilfi sati!.faciunt. Primam notum eroti (jilicufiijiife datus sit numeras in- 
teger impaj* n , eiusmodi fuuctionem rationalcm y exliiberi potise y nt sit : 



/'A + By + Cy"+U)'+%* /a + Bx + C>» + Dx'+Ei* ' 

(juod est de MultipHcatioiie theoretna. Qnem in Anem a^ilieri deliet fcn-aiii \ 
. + ,'.+aV + .'"«' + ... + .<°°)x°^ 





* b + b'« 


+b-;.+b-,.+... 


+ b(im)..o ' 




(x>efficientibu«af «'» a"» - • 


• •;•>. 1»'. 1»' 


', . . . rite 


(l«lermiDati% 


ploratum 


est, formam bauc 

1 


■+•■-+■'>• 








k+k'.+bV ' 




seu Iwnc 












•+•' 


.+.-..+.-.. + . 


., +,(,-!.." 





Satis diu etiam ex- 



b + h'i + b"x' + b". ' + ... + h(» "'x» " 

qoae ex illiua aubstitutionis repetitioue orlum ducit, ita determiuari posse, ut «olval pro- 
Uema. Nuper admodum etiam probatum est a Cl" Ijegeiidre, euni in finem adhiheri posse 
formam hanc rite determinalam: 

>+«'x + »V+."'.' 
"^ l.+b'i+b"x' + b"x» •■ 

scu Tunus, eadem snbstilatione repetita, hanc geueraliorum : , 

■ + .'x + «V + «'x' + ... + .0'°).''° 

b+b'.+bV+bV + H b'*"**»'"' ' 

His inter se iunctis formis palet, problemati satisfieri posse, idonea facta ('oufficieulium 
clectioDe, posito: 

.+.'x+.V+.V + ...+«W,P 

b+b'i+bV+i»v+... + b*>xP * 
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KU|aidflm |> ait vmtttma fenwe S." i<^ (Z.iii+t)\ bm ^ifeMlihM probabitar, idem va- 
lefe* quieun^u dt p. flunenw. 

FRINCiriA TRANSPORMATIONIS. 

3. 

DesijfDeolur per U, V fuacliones ratiooales integrae elenienti x; sit porro y =:-=^; fit: 

dy VdU — UdV 

hrevitatis cansa pouto: 

Tt^A^V^+tfVtJ+CV^U^+CVU^+fU*. 
Vd U^Ud v 

Fractionem -^ io formfMn aimpliciorem redigere licet, quotiea T factores dupUces 

habet ; quin adeo , obi praeter quataor fnctores lineares inter se diro^sos e reliqaonuu du> 
mero bini inter se aeqnales existunt, firactio illa sponte in DifFerentiale Fnnctioiiis EHlipti- 
cae redit i _ ' ■ . designante U fanctionem elementi x rationalem. 

UV A+B«+&' + D.' +Ek* 

Quem accuretins examiDemas casnm ac rideamas, qnot et quales aibi poscat Conditiones. 

Siot fnnctiones U, Valterap*', alteram*' ordinis, itautm^p: eritT(4p)*' or- 
diuis. lam at, qnatuor factoribus Hnearibus exceptis, e rdiqois fatictionis T factoribus, 
quorum est numerus 4 p — 4, bini inter se aequalea eVadant, (S p — 2) ConditioDibus 
satisfaciendum erit. Quoi enim functio propoaita daplices habere debet factores lineuvs, 
tot inter Coefficientes eiua intercedere delient Aeqaaliones Conditionales. 

At fanctionibus U, Y Quantilates Coostantes Indeterminatae insunt ni + p-i-2, 
seu potius m+-p+l, qnippe e quarum numero nnam aliqnam =:! ponere licet. Qua- 
rum igitur numero vel aeqnatnrnamerus Coiiditionum 2 p — 2 vel ab eo superatur, modo 
supponatar, m esae aliquem e numertsp — S, p — 2, p-— 1, p, qiiibns casibns uamenis 
Indeterminatamm fit resp. 2p — 2, 2p — 1, tp, 9pH-t; ' Buos priores casoa reiicien- 
dos esse cum inJra demonstrabitnr, tam haoc ia modum patet. Pfamque inventis functio- 
nibns U, V, quae iiillctiDni .¥ fonMm illam prafescriptaip oODciliaDt, ul» loco x snbstitai- 
tarfli-(-0x, neqne ordo mutatar functionnm U, V, T, neque nnmerns fiictonim dupli- 
cium fanctioiUs ¥: . oMla in sohitiiiMmf iDTCMBn statia ^nas Q«aBlilit«s Arbitrarias in- 

A2 
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tore licet. Ila<{Ue nanMraii IndrtariBinataram aamer&m CoadUiaauoB AwIjiI» atllou nni- 
latibus superare debet , uodecasus m=p~3, m=p — 2 reiiciendi s^utt. Forro Tidenm:^ 
loco X poaito "^ ' , tertium casum ad (luartum reduci et quartum minime mntari, quo 
igitur casu lodetermuiatarum tres et aii^itrariae mauent et manere debeut. 

lam igitur erictnm est, quantum qutdem e uumero ladeterminatarum et uumero 
Comlitionam inter le comparatis concludere licet , quicunque ait p nunieru» , formam .- 
^ .+.',+ .V-t-...+.'P>,P 

^ l+b'.+bVH +l>1'>iP 

ita iUtermiaari potse, ut tit: 



^A' +Bfy+C'y' +iyy* +Ey» H/^A+ltx+Ci^'+Dx'+£i« 

dvtignanle M functionem rationalem ipeim x f imo aolutionem trea Qvflntitatea Arhi- 
trariaa involvere poaae. 



Ul detarminetur funclio ilia M, sit 1= (A-i-Bx-f-Cx^-i-Dx^H-Ex') TT, de- 
signante T fiinctionem elementi x iotegram rationalem: eiit 



Ip^ T erit ordinis (2 p — 2) ** ; nec maioris esse poteat V -r- — V -j^. lam casibus (|ui- 
kuadam constat, acilicet uki nnmeras p formam illam faabet 2*'S'^ (2n-|-t)% M adeo 
fieri Constantem. Idem generaliter proLabitur sequentibus, quicaoqae sit p nomerus. 

Functiones U, V supponere posanmus fiictorem communem non Iia)>ere; adleclo 
enim factore conunuiu» fractio -^=7 "^" auUalur. BesolTaniiu expressionem 

A'+B',+Cy+D'y'+E'r« 
in fectores ItnMrts, ita nt sil: 

A'+ifj+C,'+iy,' + B:y4«A'.(l-«'y).(J-,*rt(«-V7)(l->y), 

ondi etiam: 

^A'v<+rvHi+cv-u>+tfvii»+ri;*»A'(v— aPUjfv— /mx^-^t^uifv— iru}. 
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lam existere non poteirt fiwtof, qiu quwtitatUxi* V — «U, V— jS^U, V — )'ir, 

V — VCJ Tel omnibus ret imo dnabus tautom ex eamm namefD commDnis sit ; idem euim 
et y et U simul metiretor, (|ua5 fiictorem oommnnem non lubeM a«ppe0itinwu. Ila(jne abi 
foctor aliqttis linearis firacttoiiem T bia metitar, idem unam aiiqaam e qaantiMilnu V — a,'U, 

V — ffV , V — yTJ , V — 5'U et ipsam bis metiatur necesse est 

hm w>te|ilmr aequatione» setpmtes: 

,y_.-tf,lH- -'"--•"; .D.,v iH_oii 
,dc d(Y_(mi „_„JO_„iv 



(V_/3fU)— . 

,^ ■,...JP J(V-yD) 



o=,.lH_„iI,. 



c qaibiis seqaitur, factorem qai anam aliquam e qaautitatibns Y — mM, V — iS^U, V — v^> 
V — VU bis ideoqoe etiam eios differentiale m ?! !«!■"• , eundem metiri expressiouem 
V— — U-T-. Productom rero ex omnibus istis lactoribus, ipsam etiam T bis metienti- 
bus, cQuflatum posuimns=T, undeT ipsam vi^ — U^ oietietur. At T inferioris or- 
dlais non est quem ipsa Y -^ ^ 7~ » unde videmus 



'abire in Constantem. 

Ceterum adnot^us, ubi fnnctionum U, V ahera iuferioris ordiai» faiseet qaam 
(p — i)'', ipsam etiam V ^— U^ inferioris ordiais faisse qnam T, «(uae temen illam 
nMtitidel>e<4 qiudcvmabsurdmiiisity reiici debebantcasus m^p — 2, m=p — S. 

lam igitur demonstratum est, formam: 

'^ b+b^+b"*-! + b'Wi' * 



yGoogk 



quicunque tit nuTnerm p, ita d«t4rminari pout, ul prodeat: 



/A+ir,+c-y+iyy'+ty /A+a.+U'+u.i+E»' 

Quod eet Prineiptum in Thtoria Traneformationum Fuactionum EUipticarwn Funda- 

mentatf!. 

FROrONITDR EXPRESSIO ^ ' — IN FOHHAM 

/± (X— ) (r-O) (y— r) fr-») 



SIMrLICIOREH REDIGENDA 



m/(1— H(l-l'.')" 

5. 

Trium CoDatantiain ArLitrariarum ope, qaas sdationem Froblematis Dostri ad- 
miltere ridimas, expressio A-|-Bx-t-Cx*H-0x' + E3L* io simpliciorem redigi potest hanc: 
A(l — x*)(l— k*x^). Ut hoc et reliqua, quae modo demonslrata suDt , exempGs etiam 
monstrentur, propositum sit , datam expressionem : 

/±(y-«)(r-;a)()r-T)(y-J) 
facta substitutione: 

' b + b'x+bV 

iii simpliciorem traDsibrmai-e haiic: 



M/"(l-.*Hl-k'0 

Quaeiitnr de snbstitutioDe adhibenda, de Modolo k et de faclore Coostanle M e datis 
quaDtitatibus m, $, y, h detemiinandis. 

Ponalnr a-|-a'x-4-a"x*=U, b-+-b'xH-b"x'=V, y=~: e principiis modo ex- 
positis fim debet: 

(U_«V)(U-y3V)(U-TV)(U->V)«K.(l-.')(I-k»««)(l+«-r(l+»x)'. 

deaignanle K Conslantem aliquam arbitrariam. Hinc ndemns daos e naitmo Cactomm 
U— «V, U — |8V, U — >V, U — XV, qni ernnt secnDdi ordinis, adeo fieri qnadrata. 
Fonamns igitur : ' 

U— *v-=C(l+«^- 

U— )V=D(l + m*)*. 
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lam quod reliquos atlinet factores U — «V, U — iSV, poui.^oterit, aut: 

U-(.V=jA{1 — i'). U — /JV = B(1— k'i»). Mil: 
U-«V«A.{l-.)(I-k«),"U-flV = B(lt+x)a+k.). 

(lesigiiaDlibns A , B, 0, Uc|iMDtiUitM Contt«Dtes. Frins reucieodiiDi erit. .Frodiret enim 
uZrAv ~ ^Zfl ~ 'b'' i~k' * ' "°*'® sequeretur, elemento x io — x tnatato 7 itnmutatam 
manere , quod absnnlum esse patet ex eeqnalionibuji : 

U— «V y — « _ A 1— k' 

U— rV"y-r~ B •(l + m,,- 

U — «V y— « A 1 — fc' 



, u— »v~7--T D'(i+iix)'" 
Fooi igitar debet: 

I) U-«V=A{t-.).Cl-ki) 
■ t) U-flV=B(l+.).(l+k.) 
8) U— rV»C(l+H.x)' 
«) O— >V=!l>(l+n.)*. 

Adaotare coaTenit, e Constantibas A, B> C, D uuam aliquam ex arbitrio determiuart 
posse. 



Videmos ex aeqoatioae 1 ) , et posito x = 1 et po^iio x = — fieri U = a V. Hiitc ex 
aeqaatioae : 



V—,V ^C (l+m«)' 
V-fiV B*{l+«)(l+k.)' 



posito x=l, prodit: 



«-7 _ C fl + Hl)' 

«-fl " B • i(i+k) • 



posilo xs=:-r = 
unde: 
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FrorstiN simili tncklo inTenitart 

Umle msit/\, d±±— V^i* Neqae «im aeqMlea poaere licet m et ■ ; tam eiuin expreMie 
•tf Zlv ~ ^3l "* .Mleoqiie ipM j abirct in Constutem. 
lam in aeqnatioDe: 

pooatur primam x=:-i-l» (juo casu U=;«V; deiiMle x = — 1, qno casu t's8V; 
prodeuDt daae aetjuatiooes seqaeates: 

._, c il+v^C 



II— » D h-t-Vlii 
Quibus iu se ductis aeqnalioaibas, fit: 

u V (— !jifl->) ' 
uode pouere licet: 

C^/c.-rKil-r) 
D=/(.-!)01-!) i 
oaio e quantitatibas A, B, C, D Doa ex arhitrio detenniaari poterat. 
Ex iisdeai aequatiooibns, altera per alteram diWsa, obtinemus: 
■+Vt _y "<»-yllH— !| 

■-»)(«—») 

'/("-r)(»-J) + /("-')'»-») 
Adootetur adhuc formula : 

y^+ ' =,.«^^^+1!^^ 
^ /(•-T)(»— !) — / («-l)lfl- 



yGoogle 



uode: 

''~ V v-i;~/(,_,)(s_S)-/(.-j)(p— ,] 

„j_ «.,/,j_ ' ^ +4/'(.-,)(3-8) 

'■+'^'('+vi-h /,.-„w->)_/Y- >)(.-.)- 

Ut Conatantes A, B, definiaDlnr, obserro, ex a«|aalionUm» 1), 2), 8), positox=:— , 
(]uo facto U=8V, erni: _ 

,-. _ A(.-V^l(.-/4) 

'-' ♦/(«— r)l»-«) 

,-« B,. + V^)(.+/|) 

uode : 






E principiis generalibas snpra a nobis stabililis setjaitur, io exemplo nostro expres- 
sionemV— — U-^aequalem fore producto (l-l-/kx) (1 — /kx) in ({nantitatem con- 
stantem ducto, qood ita facto caLculo comprt^Mtur. 

Fit, uti eTolntiime facta coostat: 



■-"(v^^-O^"- 



,„iif!:ii!i!i_,v_>„)ii:^. 



Nacli autem sumus: 

V-7U=C(1+V1'.'')* 
V— JU»cD(l— VTt.i)', 
unde : 

""-•'"'= !C(l+V^..)VT. 

iiI=!ifl=-.D(i-v^..)vv. 
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(,_J)^vlH._uill=_4,^.CD(l + ,^k..)(l-V-l.«)- 
JDS rite coUectis, obtioemQs: 

dy _4Vk / CD d^ 

/-«-")(?-«) ly— »)&-«) '-' ' -*»/a-.')(l-k'.') ' 



„ T-i A -AB /(.-7)(a-ir- /"(— »(g-7) 



«/ r 

_ l/(«-Tl(/'-^+/(— '1(8— Y) I 



/—(j-«) !»—»)(;— r)b-») m/(I_.')(1— k".") 



^ar^ 



— > /^^<y (— T)(o-') +/(—') (g^w 



:)-_0^ 



,,)0!_J) _•/"(._»,(«. 



Posito {._»). (fl—S)=G, (•— S)(|3 — t) = G', «I: 



M./(i_.')(i_k-.-) ^^.__// -/T+/g r / /5--y G-Y 

Sit G=mm, G'=Dn, sit porro: 

m-=i-(».-+.-), ■■-=/??", 

erit, |)osito x=SiD(P; 



m/(1 — .'^(l — k'.") /m" m" Co» ^'+0-11' Sia ^' 

('elenim Talor ipsius x faciUime computatur ope formulae: 

l+Vk.^V (— !)(S^'y y-7 ■ 
■lu: V^' — 77? v^ V — ^;*^?' — ■ 



^)'")- 
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Qaautilates «, j9, y, & in fbrmnlis propositis ex arbitrio ioter se penuutare Ucet. 
Quofl in arbitrio DOstro poaitam certum fit ac definitnm, simulac coDclilio addatur, ul, 
Niquidem fieri possit, traoaformatio per suhstitatioiem realem succedat. id (juod accn- 
ratius examinemu.<i. 

Fonamos, quautitates m, 0, y, h reales esse omnes; sit porro «>0>>>S, ita ut 
« — 0, » — y, m — K sint quantitates posilirae. lam distingueDdam erit pro limitilias, iu- 
ter (|U08 ralor argumeDtt y cODtiDetnr: 

1] 2 cl Y, S) Y el ^, 9) el «, 4) « ct S. 

Casu postremo traiisitum ab « ad S per iufiuitDin fi«ri pula. Expresuonem - - ■— - 

non aisi casu secuodo et tjuartOj expressioDem aoa nisi casu 

/ ~(j-«)ij-fi)(j-7)(y~?) 
primo et tertio realem fieri ridetaus. Subatitntioaes reales , quae qnatnor illis casibus re- 
spondent, Tabula I. indicabit. Deinde Tabula II. formnlas amplectamur, (luae expres* 

sioni - ^ per substitutionem realem in simpliciorem transformandae ia- 

/±Cj-"J{y-/3)Cj— r) 
serriant, pro limitibus, inter quos Talor argumenti y (^ntinetnr: 

1) — ao et 7. Z) ireliQ, S) fieiti, 4) «et-H od. 
Quas fonnulas dividendo per l ac tum ponendo S=— OO fiMile e Tabula I. derirare licct. 
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T A B n L A I. 

A. - ^ iL ^ i, 

i._!^j!lr.i') W_') '+ '/'(.- ot^.Tir 

^_'<Ci'-yw -S)-V(--ii)h-h 
i 

I. Limiles: ... +00. !■ J::^_.*/ (— OW-i) /V^V 

■ L+N. -V (—„(,_»)■ V r^ 

II. LimitM: V fl. iri.-.'/wE553I /"^ 

L+N. -V (._«(._,)■ V ,— ! • 



/"l_." /l>_n>.' 
r.-i^J;^_t) C-»j ■^- /"(.-8) (o_,) 



~- '/^— >)"'-') - i ^^-i)(H_,) 
f - 

I. Limites: fl .... .; J:^l^=-i/"EE^M=K ,/^!^ 

L+N. -y (._Sjto_s, -y ~ 

II. Limitcs; S »; ''-''■ -.Y c.-ir^C.-S) /sITF 

^ '■+>'' V (S_r)Ol_S) V 7=^- 
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T A B D L A II. 



d. 



...... +00: .j_=^_y2_i 



n. Limites y .... 8: 



■■+»> -/- (.-«(.-r) 





Z —i + VS-r 




t 


< 


/-._,_/■/!-, 



I, Liinites /3 . . 



L_N. y(.-,)(a_T) 



-«> ■••■»• x+Nr-V fl^V .-X 
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9. 

lu fornialis hisce pro limitiba!> aasigQatis simul x a — 1 usqne a<l -|- t at(|uc y fr}> 
ahero limite ad aherum traaait. Limitibus aatem , qui formulis 1 et II respondeut , inter 
se commutatis , expressioni ~ Tidemus valorem imaginarium creari formae +_ i H , po- 

.^ito i = i/ — 1, ac HeNiguante R qnautitatemaliquamrealeni; ipsi x autem conciliari for- 

iip \<ti 
mam-j5— = -;7:p; unde^^:^=.-^-^= ^ ^ =-itang.^. 

«"» + «»- 

i^ dx 

Formani, ad qaam hac occasione delati somus, x= in expressione y7i J,«jM-kv j 

-salistituamns. Frodit : 



/■(l-x^Kl-k'"') 



••'"-'•"■' v.V(._4i)(._...,.) /(.-..■»)(.-.-.'♦) 



/"l— «keoa80 + kk /"{1 — k^^coslp^+a + k^^iiiilf)» 

Quae nobis quidem substitutio satis memorabilis esse videtur. E qua etiam geDeralior for- 
niula fluit seqneus, pooendo x=sin\^: 

^"titnV*''^^! _ (co»tn^ + Uin8n^)dlp 
/"l — k'«n4'' /*!— Skco»S(p + kk 

unde pro limitibus o et tt obtinetur, eranescente parte imaginaria: 

/ ^k°»n4'"'d<l' _ / ^ co»8nl^itip _ / ^ eojn^J^ 

,/ /"l — k'.inlV' ^/ /"l — gkeo.i^J + kk ,/ /~1— 2kcoi9) + kk 

quae est demonstratio soccincta formulae memorabilis a CI. Legendre proditae. E Ta- 
bulis I et II duas alias derivare licet seqnentea, commntatis limitibns, inter quos valor 

ipsius y continetur , ac posito x = — ^ — - Pro limitibus assigoatis angnlns <P inde a 
uKqae ad n- crescit, dum y ab altero limite ad altemm transit. 
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T A B U L A III. 



/"&-") (J-O) (7— »)()—S) /mmc<i.?l'+iiD,m(^ 
n = V(.-T)(S_J)(.-/3)(,-») 

/(._,)ti~!)'.(./(,_(|)(^_i) 
„ j 

.. T- ■. » . * .*/ («-«(—») . fy-'. 



Jip 



/_(,_,) (y_(r|(r_v)(,_>) /"mmeoit'+ni..in»' 
m-/(.-T)(fl_!)(.-i)(S— ») 
^ /(.-V)(a-»)+/(.-8)t!^ 

1. Lu.u.e.....,: «l./g^/^ 
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T A B L A IV. 

dy d» 



/(y-«)(j-ffi&-r) /"ni»i<».»"+i.B.i 

" = /(«-• !•)(«-») 

I. Limites V . . . S: tT-^Y^^/Br 

II. Limitesa l-OO: "■?■=- — -^^-^" 

' /(«-0)(>-») 



/— (y— «)(T— ^)(T— 7) /miiico.^'+ii 
m=/(«-r)((l-T) 
/<^+/g-T 



w . . ♦ /(«— 7){/a— «) 

Limites — 00 ...r: u-^= ■ 



II. Limiles S . . . .: "ST^y Jr^ V br"- 
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Fustiu haiic (jaa«s(ionein traotaTimus, at adsit exemplam elaboratam. Restaat 
adhnc c&sQs, quibua quantitatnm «, |3, t, S vel duae vel qnatnor imagtaariae sunt Ca- 
Kus prtor «t ipse sohitionem realem admittit, quae tamen specie imaginarii laborat. Ca- 
sas posterior eiusmodi solutioaem realem omnioo non admittit. Qnare ift omnia ad rea> 
Jia reTocentur, noria ;lraDsfomiationibQs opns erit, unde concitinilas formQlarum perit. 
Cui igitur quaestioni supersedemns. 

Snbstitntioni propositae alia respondet, eius inTersa, fbrmae 
•+*y •*'*'/ 

t + fcV+bV 

quae et ipsa formulns elegantissimas snppeditar. Cum vero fortasse iam nimis diu huic 
quaealioni imroorari Tideamuri eius iitrestigalioDem aj aliara Dccasiouera relegamus. Re- 
vertimur ad quaeBtiones generales. 



DE TRANSFORMATIONE EXPRESSIONIS 
ALIAM EIUS SIMILEH 




-10. 



Vidimus, datam expressionem : 

ij 



per Kubstitutiouem adhihitam huiusmotli: 

^ ■+»+■%'+. .■■+.'P),P ^U 
^ b + b'x+bV + .... + b<P>,* V ■ 

(juicunque sit nu|uems p, in aliam eius similem Irausformari pohse: 



/"a + Bi + C + Di^+Ei* 

P)iusmodi suhstitutio cura fi iliit/» Coef^cientilmii A' , ,B', C, D', K ])endet, tum 
v^ro Diaxime a nupiero p, qvippe qui expouentem deaignat digpitalia summae, quae in 
functiODibus FatipQtflibus U, V inveoitur. QaanMlirem in aetiuenti}»)* dicemiu, eins- 

C 
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modi imh*tiiutioQi-m », tratuCormatioaem j/* ordini» e—e «. ad jf^ ordintm uve *impli- 
/iu» nd numerum p ptrtinere. 

lam iridolem hanim MilMtitiitioDam i 
mam illcm complexiorem: 

fic (luaeramUA d« simpUciori hac ^ . ad uoam iUam rcTOGwi powe et vi- 



(limuit ct milum etit, iii aliam eiox similem — . ' tranftformanda. 



<,>uiicstioDiA propositae Batura rite perpenaa, problemati satisfieri inTenitQr, siqni- 
iti-m (iinctionum IT, V altera impar, altera par esse statnatnr, id qood iam exempla in- 
nuniil aIi Anal^Mtis bactenna explorata, Qna in re maxime distiognendom erit inter ca- 
Mim , quo imparis functionis ordo paris ordine minor et enm qno maior est paris ordine ; 
nire inter casum quo traDsfonnatio ad numemm parem et eam quo ad nomenmi im- 
parem pertioet. 

lam igitur primum {wobaniu , translbnutioDem socoedere adlubita substitotione 
onlinis paris sen forniae: 

,_ .(.+..-+.v+. ..+.■— '.■-') u 

.+b'.-+i,-..+...+b".'- 

Hio functioncs V-v-U, V — U, Vh-1^U, V — XU et ipsae entnt ordints paris, 
unde ponamus: 

I) V+U = {I+.)(l+ki)AA 
fj V — U~(l— >)(1 — k>)BB 

S) v+;lUbCC 

♦) V— XU=DDi 

<lt-!iJf[iiuu(ilms A, B, C, D fimctioues elemeoll x rationales iutegras. Quilms aequationi- 
bua niniulac sati.tfactum erit, eruetor, uti probavimus: 

dy d^ 

/X^ /i—y.*] M/"nr?" /T^TTT" 

Mutato X in — x cum U in — U abeat, V antem noo mntetnr, ex aequationibos l), 8) 
reliquae 2), 4) Apoiite flonnt. Ut aequationibas i), 8) satisfiat, V-(-XUm vidbns. 
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V-f-U (m — l) vioilnis duoa inter se aeqoales babere debet foctores liaeares ; insuperipsi 
V-|~U etiam factor 1+x assignari debet. Qaae omnia Aeqaationes Conditioiiales siLi 
poscunt nomero m + m— l + l = 2m, qai et ipse est numerus Indeterminatarum 
a, a', ... a(^— 1); b', b", ... bW. Unde problema propoaitum est determinatura. 

SmMndo loco probenius, saccedere eliam transformationem , adhibita snbstilu- 
tione huinsmodi: 

■ (.+.-.--t..'..+ ... +.'■'.■-) u 

'" l+b-.-+b-..+....+l.'-l.'- '' 

((uae ad numerum imparem pertinet. Hic V+U, V— U, V+XU, V — i.U et ipsae 
sunt . imparis ordinis, unde ponamus: 

1) V + U = a-h')AA 

t) V — U = (l— «)BB 

8) V+xU={l+k<)CC 

4} V— XU=a{t — kx)DD. 

Hic quoque solmmnodo aeqnationibas l), 8) satisfaciendum erit, qoippe e qnibns mu- 
tando X xo — X dnae reliqtiae sponte manant. Ut iUis satisfiat, etV+U, etV+XU sin- 
gulae m victl>us dnos inter se aequales halteant factores lineares necesse est, quMn in finem 
2m Aeqnationibos Conditioaalibns satisfacieudum erit, (iuil>us ttna accedit, nt insuper 
V+U nanciscator (l +x) factorem. Hinc numerum Aecjuationnm Conditionaliom esse vi- 
demns 2m+l, qui et ipseest namemslDdeterminatamm a, a', a", ..aM; b', b", ...bC'"); 
uiide et hoc casu determinatam est problenia. 



11. 

Designentur pcr V, V functiones elementi y iotegrae rationales einsmodi, ut 

U" 
posito z = -^ , ematnr : 



Sit ea, qune adhibita est, snbstitatio 2=.^ ordinis p'**; ac per aliam snbstitationem 
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Digi 
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«0 

y=i— -, (designautibus U, V, atsn^, {unctioDes elemeDti x rationales iategras,) qaae sit 

ordinisp'', eniatur, atsapra: 

dy d. 

f» /*l — X'y' m/"i — »' if. 

lam snltstitoto ralore J=--^ io expressiooe z=-^, aascatur z=-rs : erit uoa illa sututitu- 

U" „ ., . 

tio z=r^, qua adtuiiita erDitor: 

de An , 

/"r^/'i-^'r' MM'/i3ir/'i:ri;',''" ' 

ordicis (pp')'*. Ita videmus, e pluriljus traiisformationilju.s , quaeresp. ad numeros p, p", 
p", . . . pertinent, successire adliitutis, unam compoiii posse-, quae ad nunierum pp'p" ■ • ■ 
pertiitet. IVec doq vice versS, quod tamenin praesentiarum non proLaLimus, transfonna'- 
tionem, quae ad numerum aliquem compofiitum ppp" ■ • perlinet, semper ex aliis suc- 
cessive adhiLitis coraponere licet, qaae resp. ed Dunieros p, p', p"- ■ pertiueul. QuamoLrem 
eas tantnmmodo iuvestigari oportet transfbrmationes, quae ad numerum pertineaut primum, 
quippe e (luiLas cuuctas compoaere licet reliquas. lam igitur in seqaentiLus missum fa- 
ciamus casum primam, qui ordioem transformationis parem spectat, quippe queni sem- 
per componere Ucet e transformatione imparis ordinis et traosformatione, quae ad nume- 
rum 2 pertinet, ideotidem, uLi opus erit, repetita. Casum aecundum autem seu transfor- 
mationes imparis ordinis iam propius examiuenius. 



12. 

Yidemus eo casu functiones duas, alteram V parem 2 m** ordinis, alteram U impa- 
rem (Zm+l)'*(»^^i>^ itadeterminamlasesse, utsit: 

V + U = a+»)AA 

lam dico, n quidem ita fwtctiones U , y determinentur , ut loco k poiito — abaat 

U 1 V 
j=-^ wt r— =j-Y^: aequatione» iUaa aUeram ex alteraaponte aequi. 
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Ponttmus V = (P(x'), U=:xF(x'); Tidemus expressiouem y= '-.,1 ioco x,po- 
aito -r- abire iu 



ubi ^*'"'^!'??)' ^^'"'Prpp) ^**"* fcactiones iotegijae. Qaod ut aetjuale iiat expressioiii 
■—=--=-= p ■ , sequentes obtinere debeut aecjuationeii : 

deaignaDte p quantitatem Constantem. Ubi in hia aequationibiu rursBii poninius — 
loco X nanciscimur: 

*(^)=^^'- ■ 

-(^)=-;^*<.^- 

Qnibiu cnm priorilius comparati» aetjnatiombiis, obtinemus ^^ — uode 

P=V xi'— . .• 

Hinc fit: 

^'-■"/^^(^). 
(juarum aeqnationam altera ex altera sequilur. 






lam qaoties expressio : 

v+U __i 
l+x ~' 

quadratnm est fanctionis elementi x int^rae rationalis, idem etiam valeliit <Ie »tia, (juae 

DigiiizedbyCjOOQlC 



ex illa deriratar ponendo rj loco x ac multiplicatKlo per x*'»*'").k*'" — » . Qno fecto ob- 

ratum ait, functionem 



tineiuus, aiquidem ■■ — quadratum ait , Junctionemi 



A.— ■ -"f(^)h 



/xk'-+' .'-+'? 



1+k, 1+k. ■ 

et ipaani quadratum fore. Q. J). E. 

Itaque eo reTOcatum est problema, ut expressio; 

- „.,.,/g^.-+',(_L) ^^^ 

1 + x 1 + » • 

Ouadratam reddatnr, designante tp (x*) expressionem huiusmodi. 

(m) Jm 



«)(x*) = V = b + l,','+k-x» + ... +b'" 

Fit anteni, posito U = xF{x*) = x (a +- a'x* -|- a"x* +-.,.-+- af"») x*""), cum sit 
lam ad exempla delabimur. 
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PROPONITDR TRANSFORMATIO TERTII ORDIHIS. 
13. 

Sitiii=l, (jui estcastu siinplicissuliiiS} V=l-f.b'x% U=;x(a.4-a'xO- Fosito 
A = ( 1 -f- « x) , emimiis : 

AA = U+«i)' = I + «Bi+«'i', UDdt; 
V+U=(t + .,AA = l+a + f «). + .(«+.) .'+■.■.'. 
Hinc iit: 

b'=.(«+»), . = !+«., «■=«•. 
Aecjuatiooes X §-12 in saijuentea abeunt: 



•=/14^— /^> 



uade obtinemus: 



i+X« = 



»^+«0 . . Vk' 



-VI 



/ii ' /T ' 

Ponaturyii=u, '/1=', erit.=.^, n-8,=-l±iil-, »(2+.)= ''"'.''"''' ■ Hinc 
aeqaatio : 

'+'•=-<«+-) /n 
abit iD sequentem : 

' T + l^' _ u(tT+0 



Fit praelerea: 



Hinc obti&emiu: 

.) (.+».■)..+.-.■ 

' ' ,.+ .■!■•(.+«.■)•• 



yGoogle 



u 

rraeterea oljlmemu», quial+7 = — -y : 



4) l-j = - 






,,+,•«■(,+«■').■ 

5) 



/hd-=yfh^-^ 



Porro loco x ponendo ■r-==-^, cum y abeat in — =-^, eruimus seqaentium for- 



mularniii .Hyslema: 



(l + u'.)(l + ui.,]' 

■ I+^U-^Y+SU»).* 



«) V'h^=/r+Sr-T+^ 

to) /i-**y'= i+,u-(v+«u').> ■ 

14. 

PosHo V + U=(n-x)AA, VH-XU = (l-|-k)CC, V— U = (l— x)BB, 
V — 3iU=(l— kx)DD, Tidimus fieri; 

!dU dV 1 

V_ U- — 1 , 

ile.sigiiai]le M quantitetem ConstaQtem; qnam ex uaius eiusdem dignitatis Coeflicienti» com- 

paratione, iu utraque expressione ABCD, V-j ^ U -7— instituta , eruere Ucet. lani 

posilo V = b-+b'x'+-etc., U=ax-|-a'x'-+ ctc, in singnlis expressioni})us A, B, C, D, 
\\t Constans /T, nnde iu prodncto ex iia conflato bb ; in exprfWHODe autem V -^ U -r — 

Constantem fieri videmus ab; unde: 
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Hinc in exm^MO nostco fit, qaia bssl, as s ^ . > =5 ■ ■ ^' - ■ . : 



, + tu> «{«T+U') ' 

uade: 

dy • _ (T+»..')J» 

• (i-y')»-T*y') */{i— •)(i— '-') 
Mtxluli k, X, (|QOs per aeqitatiooem qnarti gradiis a se invicem peodere ridimus §. 13. 1), 
faciie per eandem qnantitatem a rationaliter exprimuntnr. E formulis cnim supra 
allatis : 

"V " /tr 

iiequitnr: 



" ' =" l+t« 



tmde : 



t+ttt 

't+, 



mh^' 



Fitinsnper: M — , , lind«, posilo y = »iaT, xsssioT, aequatio 



io seqaentum a]>it: 



/(i+f.,'-.(«+.)'.i.r- / l+«.-,-'(«+.)ii.T.- ' 
sive in liaoc: 



/'(i+«.)'Co.r'+(i-.)'(i+«).i»T' /■(i+s.)(i»r+(i+.).(i_.),i„T 
ad qnaDi peirenitur suhstiliitioDe facln: 

,. ^ .. (i+».).i.T+...iiiT. ., ■;...' 

^"■^ l+,.(.+.)«T'. .• . • .1 .. 
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9. 



lu forniulis hisce pro limitibus assigDalis simul x a — 1 u»qtle ail + 1 atquc y iA> 
allero Umite ad alterum transit. Limitibus autem, qui formulis I et II respoiident , inter 
se oommutatis , expressioni ■ ■ --- — ridemus ralorem imaginBrium creari formae + i R , po- 
sito i:=\/ — 1 , ac deKignante R quantitatem aliquam realem; ipsi x autem conciliari for- 



-=— itang- 



Formam, ad quam hac occasione delati sumus, x= . in expressione r , - . .>/..i.,.; 
sulistituamas. Prodit : 



/-"-><'-"' v../(.-4^)(.-..-'*) /(.—'*)(—-'') 



/"1— Xkco3S94-kk /"(1 — k)'co»(I)'+{l+k)'»inP> 
Quae nobis quidem snbstitutio satis memorabilis esse videtur. K qua etiam geueralior for- 
mula fluit sequena, ponendo x=siQ4': 

V^l_k'»ii>4' /*!— SkcoiSfi+kk 

unde pro limitibus et n- obtiuetur, eranescente parle imagioaria: 

/ k" »iii ^*° A^ _ / cosia^Atft _ / uitn(pAlp 

,/ /"l — k'.in4'' J /"l_Skco.*lp + kk ,/ /~1 — Zkcoi^ + kk 

quae est demonstratio saccincta formnlae memorabLlis a CI. Legendre proditae. E Ta- 
bulis I et II duas alias derivare licet sequentes, commulatis limitibos, inter quos valor 

ipsius y coDtinetur , ac posito x = — t^ — . Pro limitibus assignatis angulos (p iode a 
u^qiie ad «r crescit, dum y ab altero limite ad altemm tranfiit. 
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T A B U L A III. 

j^ £y ^ ^_P 

/'(y-")(y-l»(7— rt(T-») /■.mco.»'+iin.m?i' 
n = y(.-T)(S-J)(.-(!)(T-J) 
/(»-T)(0-»)"+/"(«-<i)(T-») 

.. Lin..e.,...S: ,^-fO|i|/S: 
„. Li„i.e,....S: ^|.f|i|ii|/p. 



V — (T — «)(y— I3)(y — T)(y — <) V «iineoi0'+ltn»in$ 
n> = l' (.—■>) (S-D(«-»)0!—>) 

/('-T)l»!^+/('-i)«l— >) 
° j 

I. Lumle» S . . . ». «-j-y (,_>,(s_S) V -^7 

II. Limilese....: '«T''V M-T)(fl->) V ^' 
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T A B C L A IV. 

dy d^ 



V^(r— «)(y— *J)Cy— y) V iiiineo»?>'+ii 
«^/(.-TX.-fl) 

^«— Y+l/ "«— ^ 

°= 5 

Lunitesr . . . g: ..l-y^EIy^El 



IL Limites» 1-«>: ^— ■ 



' /(.-«)(.—,) 



d» 



V^_{y — «Xy— 0)(j — T) V^iniilco»ip'+iillMlllf* 

m = y"(— T)(S-T) 

/'"-T+/fl-7 



L Limile,-oo...v: ^, »^ /(--oW-, ). 
II. Limites S . .. .: «|-=y^iri y^S^i. 
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Fusius hanc (jUEiestionem traotavimas, ut adttxt exemplam elaWatam. Hetttaut 
adhuc casus, quibus quaDtttatam s, &, y^ S vel duae vel qoatuor imagiDariae sunt Ca- 
Husprior et ipae salatiooem reilem admittit, quae tameu specie imagioarii laborat. Ca- 
sus posterior eiasmodi solationem realem omoiDO non admittit. Quare qt oBinia ad iea~ 
Jia revoceDtur, doWs traasformationiI>as opus erit, unde conciDiiitas formularum perit. 
Cui igitur qoaestioni supersedemus. 

Sabstitotifmi propositae alia respondet, eins inrersa, fbnnae 

.+«V-hiV 

b + b'y+bV 

quae et ipsa formulas elegaatissimas suppeditat. Cum Tero fbrtasse iam uiniis diu huic 
quaestloni immorari Tideamur, eins itlrestigalionem aj aliara occasionem relegamus. Re- 
vertimur ad (|uaefttioDes geaerales. 

DE TRANSFORUATIONE EXFRE&SIONIS 
ALIAH EIUS SIMILEH 

10. 

Yidimus, datam expressionem : 

dy 




/a' + b'y + cy+uy+Ei* 

per tiubslilutionem adhibltam hnlusmoili: 

■ + .', + .V+....+,<P'iP _u 
' b+h'i+bV+ hbW^P V ' 

quicunque sit nupiems p, in aliam eius similem Irnusforniari po^tse: 



V^A+Bi+C«'+Dn'+E»* 
Giusniodi sulMtitutio cum .a dat/.t .Coef^Ufntihuji A', ,B', C, 0', K' ]>endet, tum 
vero raaxime o nupiero p, quippe qui. eKpouetifen] deaignat digpitali» summae, quae io 
functtoDibns ratipnalibus U, V inTeuitur. Quamoltrem in fie<iuentibBS Hicemns, eias- 

C 
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modi snbstitutioQCm a. traosformatioDcm />'' ordini» esie «. ad p*i^ orditu/n uve aimpti- 
ciiu ad numerum p pertinere. 

iam iDdolem harum sul»titutiouiim accaratias examinatori, missam faciamas for- 
mam illam complexiorem : 

/A + By + Cy' + D,»+Ey« 

ac (^uaeramus Ae simpliciori hac ^ ■ , ad quam illam revocari posse et vi- 

<limus et nolum est, iu aliam eius similem — ; : : ■' - ' . transformauda. 

Quaestiouis propositae Datura rite perpeusa, proLlemati satisfieri invenitnr, siqui- 
dem functionum U, V altera impar, altera par esse statnatur, id quod iam exempla in~ 
nuunt ab Analjstis hactenus explorata. Qna in re maxime distinguendum erit inter ca- 
sum, quo imparis fbnctionis ordo paris ordine minor et eam quo maior est paris ordine; 
sive inter casum quo traDsformatio ad Dumeram parem, et eum quo ad namerum im~ 
parem pertinet- 

lam igitur primum probeiuu , traaifonuti(»iem succedere a(QiiJ>ita snbslituHone 
ordinis paris seu formae: 

^- .(*+»'+>".*+-..+.'^>«^) u 
l+b'l»+l.".»+. ..+b'"'<'" ^ 

Hic fiinctiones V-+-U, V — U, V-|-lU, V — XU et ipsae erunl ordinis paris, 
unde ponamus: 

t) V+U = (I+.)(l+k.)AA 
8; V_0"=(1— .)(l— ki)BB 
S) V+)tU«CC 
4) V— A.U=DD; 

desiguautit>a$ A , B , C , D functiones elemenli x rationales integras. QuDius aeqaationi^ 
bus simulac satisfactum erit, eruetar, uti probavimus: 

dy d« 

/t^r^ /i_x«y m/i^v /i— k'V 
Mutato X in — x com V in — U abeat, V autem uon mutetar, ex aeqaatiooibiu l), 8) 
reliquae 2), 4) sponte flannt. Ut aeqaationibas l), 8) satisfiat, V+XUm Ticibas, 
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V+ U (m — 1 ) Tiottnu dnos iut» se aeqnales habov debet £ictores lioeares ; insuper ipsi 
V+U etiam fiiclor 1 +x assignari debet. Quae omnia Aeqaationes ConditionaJes sibi 
poscunt mimero m-»-m — 1 + 1 =2m, qui et ipse est numenis Indetenninataram 
a, a', ... a(''— *); b', b", ... b("*). Unde problema propositum est determinatum. 

Stcaado loco prcdioiuu, snccedere etiam tnnsfbmiatioDcm , adbibita snbstilu- 
ti(Kie kuiuamodi: 

'- I+b^.-+b-..+....+b«.'- "• 

(juae ad numerum imparem pertinet. Hic V-l-U, V— U, V-|-kU, V — ).U et ipsat: 
suni.imparis ordiuis, unde ponamns: 

1) V + U = {l+x)AA 

ti V — U = CI— i)BB 

8) V+XU=a+kx)CC 

4) V— :^U=(l-ki)DD. 

Hic (juoque solummodo aequationibtu l), S) satisfaciendum erit, quippe e qnibus mu- 
tando X in — x duae reliquae sponte manant. Ut illissatisfiat, etV-f-U, etV-»-XUsin- 
gulae m rici)>us duos iuter se aeqnales halieant factores lineares necesse est, quem io finem 
2m AequatioQibus ConditionaUbns satisfacieudum erit, (juilius «na accedit, ut insuper 
V-hU nanciscatur (l h-x) fitctorem. Hinc numerum Aequationum Conditionaliom ease vi- 
demus Sm-f-l, qni et ipseest numemslndeterminatanim a, a', a", ..a("*); b', b", ...b('"); 
unde et boc caau determinatum est problema. 

11. 

Designentnr pcr U', V functiones elementi y integrae rationales einsmodi, ut 

U" 
posito z=-^, ematur: 

dt dy 



/"l-.' /l -,»*«» M'/'i-y* /»-Vt* 
5it ea, quae adhibita est, snbstitntio z=:-r; ordinis p'**; ac per aliam snbstitationem 

C 2 



Digi 
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7==—, (desigaaDtibus U , V, utsupra, fuQctioDea elementi x ratioaales iategras,) qoae sit 
ordinisp*', eroatur, utsnpra: 



lam substitnto Talore 7=^' "> expressione z=-^, 



U" „ ., . 

tio z = ^, qua adtubita eruitur: 



/"l— «■ /"l-fi'!' HM'/"l_.' /*I_k'>' ' 

ordiuia (pp')**. Ita Tidemus, epluriltustransformatioQibus, quae resp. ad immeros p, p'> 
p", . . . pertioent, successive adhibitis, uuam compoui poase-, quae ad oumerum p p^p" . . . 
pertinet. Nec non rice versa, quod tamen in praesentiariim nou probabimus, transfbnna- 
tiooem, quae ad Dumenim aliquem compoHitum pp^p" . . perlinet, aemper ex aliis suc~ 
cessire adhibitis componere licet, quae resp. ad nunieros p, p', p". . pertiueul. Quamobrem 
eas tantummodo iuvestigari oportet transfbrmationes , <|uae ad numemm pertineaut primum, 
qnippe e quibas cuuclas compooere licet reliquas. lam igitur iu sequeotibus missum fa- 
ciamns casum primum, cjui ordinem trausforDiatioDis parem spectat, quippe quem sem- 
per componere Ucet e traosformatione imparia ordiDis et traasformatioue , qaae a<l aume- 
rum 2 pertiuet, ideatidem, ulii opus erit, repetita. Casuin aecundam autem sen transfor- 
mationes iniparis ordiuis iam propius examiuemus. 



12. 

Videmus eo casa fiiDCtiones duas, alteram Y parem 2m^ ordiois, alteram U impa- 
rem (Zm+l)** ordiuis ita determiuaudasesse, utsit: 

V + U = (1+.)AA 
, V+xU=(l+k»)CC. 

lam dicot ai quidem ita fanctione* V » V dHerminentur , ut loco )e potito — abeat 
U 

y==-v 
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P(»iainus V=(J>(x'), U=:xF(x'); Tidemus expresaiouem y= ' - ■ — ioco x, po- 
sito -r- aLire io 

^M^) ~ ^'■''^(■^) ' 

ubi x''"F(p-r), ^^'"'PrTTp] flnot iuDcti<mes integroe. Quod ut aetjuale fiat expressioui 
— = -y ss ■ . p y j, , seqoeutes obtiuere debent aequationet> : 

XF{0=pk.'"*(^). 

desigaante p <jaantitatem G>astaDtem. Ubi in his aeqoatioiubus ronns ponimus t- 
loco X nanciscimur: 

QuiLiu ciun prionbus comparatu aeqnatioiubus, obtineiuuN — ^^=-^, unde 

P^V ik"— ' . •? 

Hiuc iit.' 

..,=.'-/:^,(^). 

quanun aequationum altera ex altera sequilur. 



1 + « l+x 



lam quoties expressio: 
V+U 

qoadratom est functionid elementi x int^rae ratioualis , idem eliam valebit ile nlia , quae 

DigiiizedbyCjOOQlC 
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ex illa deriratur poneiKlo -r— loco x ac multiplicaiido per x*'"yXk^'" — ^ . Qno &cto ob- 
tintuius, aiquidem • • • quadratum tit, functiontm: 



i+k. 

itr(.')+>..F(.') _ V+XU 
1+V. 1+k. ■ 

et ipsam quadratum fore. Q. D. E. 

Itaque eo reTocatum est proLlema, ut expressio: 

„.,+/gg:.'-^-,(_L) ^ 

i+. i+. • 

Qnadratnin reddatnr, designante (J' (x,^) expressionem hniasmodi: 

(p(0 = V=l>+b'.'+b-.»+...+b'"'>."". 
Fit aulenij posito U = xF(x*) = x (a -|- a'x' -4- a"x* +-...+- a^"") x*""), cum sit 

I .= /"I i!!l. .■= /I !■'—'' . ^T b'— " 

X { ^ — ^_ 

|.i«>_.yi.. i- ; .'— i^y^i-.bi— =, .'— ''=y i.b-k— . ... 

lam acl exempla delabimur. 
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rROFOMTUR TRANSPORMATIO TERTII ORDINIS. 
13. 
Sitm=l, tjai est oaAus simplicissimas, V=l + b'x% U=x(a-4-a'x')' Foidto 
A=(l>4-«x), eraimiu: 

AA = Cl+«i)' = l + S«.+«'i», UDde. 

V + U = (l + x.AA = i + (l+»«). + «(« + «)x»+«'i>. 

Hinc iit: 

b'=«(«+«).»=l+»,, .'=«'. 
Aequationes }( §.12 ia sequentea al>euiit: 

uode obtinemus: 

FonaturV^Jl^u, '/\—y, «ritm=—, 1-4-2.= "*•'"' , .(2-^.)^ ''"","*" "'' . Hinc 
aecjaatio : 

■+'-=""+-> /5 

abit in sequentem: 

T+tu' ^ uC8r+v') 

.sive : 

1) 0« — V«+«UY(l — 11*»')=0. . 

Fit praeterea: 

. = {!+««) = 



^+g"' 



Hinc obtinemiu: 



Y.+T'll'<.+««').' 



yGoogle 



u 

iVacleren ohtlDemu» , quial+y= ^; ; 

5, 1+, "+■"■ + ■-'• 



*) l-y= 

5) 



,+,.„■(.+!«■),■ 



/i— , A— , ,_tt>i 
Vr+f^Vi+r-T+i^r 



6) V i—yr ■■ 



....(,+««■),■ 

l'orr(. lofo X ponemlo 77=-;^. cum y al>eat io — =-^, «ruinius i>e<]nentiuiB for- 
niulariitii »y,slenia : 

(l+.-.)(l+tt 



r) l + v'y= 
8) l-.'y = 



l + ,„.(.+i„^).. 
(l-„-.)(l_.,.)' 
l+»»'(>+2""),' 



" /l+Sr=/i+^T+^ 



14. 

I'osilo V-4-U = (l+-x)AA, V-t-XU = (l-l-k)CC, V— U=(l— x)BB, 
V — ).ll = (l — kx)DD, Tidimus fieri: 



.lesi^uaule M quontitatem Constaotem; quam ex UDius eiusdem diguitalis Coefficieiitis coni- 

IKiralione , in utraque expressione ABCD, V-j U-j — iiistituta, eruere licel. lam 

[losilo V = b-»-li'x'-t- etc. , U = ax-*-a'x'-f- ctc. , in singnlis expressionihu» A, B, C, D, 

lit ('nnstauH /^, unile in prodncto ex iis confiato ).b; in expmsione auleni V — U 

ronslnntem fieri viilemus ab; unde: 
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Hioc in exemplo nostco fit, qttia bssl, as s "'^ ■ "i =s " '^ . ■ : 

"= ,+«u- " .(!,+«•) ■ 
unde: 

Jy • _ (y+tu')d. 

MwluU k, X, iiaos per aequatioDem qaarti gradus a se ittviceiu peodere Tidiuius $. 13. 1), 
faciie per eandem t|aantilatem « ratioDaliter exprimuntnr. F. formulis cnim supra 
allatia : 

= £ i+j =Ji^±fL^±Mj±. ' ■.- - ■ 

setjuitnr: 



l + Sa 



l+t« ' * 

Fitinanper: Ms; , , uode, posito y = 8ioT', x = sioT, aeqitatio: 

Jy '_ ' i i' ■ ;_ ■ ' ' 

/"l-Zj' ^i_x'j' m/i-*' V^l — k»t" 

in seqnentem abit: 



sive in haoc: 



/(!+««)' cwr'+{i-«)'(i+«)»ii»r' /(i+8»)Co.-r+{i+«)'(i-«),inT' 
ad qaam perreoitur aubstilutione facln: * ' 

..-.^.- (i+«.).i.T+...i.T. ■ ; . . , , , . .' 
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PROPONIinR TRANSFORMATIO QUINTI ORDINlS. 

15. 

liim ad exemplam, quod simplicitate proximum est, traiistiamus, in(juom=:2, 

V^l+bS^+b-.V U =«{«+•' -'+»'V). A = 1+«x+3t». 
Kniimus : 

AA=l+t»i+C23+"«)»'+«"fli'+flfl«' 
uijde : 

AA{I + O = l + iCl+««)+«'(8-+80+««)+-'C«f3+««+««/3)+i'(««fl+/J|9)+O/J«'- 
Hinc nanciscimur: 

b'=««+«fl+««, b'=/3C*«+« 

S = l+S«. .'««/J + K.+i.fl, l' = 3/3. 

AequatioiM-s }( §■ 12 fiunt: 

■=/?-^- -/?--/?■■ 

Ex his sequitur: 

>'»' _ b'b' 

T7" ~ h' ' ; . , I 

sive, cum habeatur b'=(8«-+i0) + (fl-+««), a'=i8(l -i-2«)H-(0+-(»«): 

|;t«+g)+{/3+»«)| ' |o<i+a«)+c/i+.«)| ' 

t«+j3 ~ /3(1+8«) 

imde : 



t.+fl ' ^ '^ 0(1+1.) 

Hinc facile sequitur: 

|!(1+J.)!«.+II)=(0+..)'. 

<|uo<l evolutum ac per a divisum alnt in: 

.'=10 (!+.+(!)■ 

Hanc ae<jnationem his etiam <Iuobus modia rqmeaailare licet: 

(..+(i)(._«e)=«(!-.)(i+«.) 

(..+(!)(«-.)==(.-«)!) (S.+O). 
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Dnile sequitnr'; 

Hij praeparatis , leliiiiia fccile Iraniiiguiitar. Inrenimii» eoiQi , posilo k = u* , X = t* : 



tm+P _ b" b'b X _ y* 
0(1+«.) ~ ..' ~ .■•' k "«• ■ 



«— « 
«_«S° 



Est imuper ;8=/a"=-w y"=T' ""'^® aequationes : 

.• / «-« y «-+H «— ' '' 
u- U-«C/ «'+««)' "-«« "' 
iu seqoentes aLeant: 

l.,+.'=uf (!+«") 

u' («-.)=,(."_««•). 

sive: 

«..(1-. ,')=«(.•-.•) 
"(., + ..)=«u'{l+.'>). . 

unde: 

(.'+.')(.'_V)+4.Y(1+.'.)(1-.Y>)=0. 

Facta evolutione prodit: 

I) .•_Y*+5a»Y'(.' — Yl+invtf — .',*)^^. 

Reliqua ita invenioutur. Ex aeqnationihus: 

«"Y(l-«.>) = . (.•-.•) 

"(..+ Y.)=«.'(1+.'.). ^ 

sequitur : 

.(.•-.•) «Il'(l + .'Y) 

" 8.(1-..') .'+.' 

Hioc fit: 

„ + .. = r+..=.Y.(^) 
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Hinc taQdem dedQcitar: 

,,•=^+..+.,+3= °'°'+i''^7'''' 

L-=i(8. +(!)=.•, (-1=^) 
1 / V — u' \ 

-^—•m(^) 



lam cum sit M=— t=T| — _ ^ j, transfonnatio quiuti onlinis coutinebitur theore- 
mate sequente: 

THEOREMA. 



Posito : 



1) u*— T*+5u'v'{u'— v.)+4bv(1— u«v*)=0 



s) y=-f 



v('-"')'+"'(u'+V)(v-u').'+u"(l-u,').i 



(l-uv')+«v'(u'+.-)(v-u').'+u".'(v-.').' 



77- /T 
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OUOHODO TRANSFORMATIONE BIS ADHIBITA rERVENITUK 
AD MnLTIPLlCATIOKEM. 

1& , , 

laspicientem aeqaationes inter n et r, duohns exeniplis propositls inveulas: 

«•_*«+5u't*(ii* — t")+*uy(1 — B'v')=0. 

fugere uou potest, immntataa eas manere, ubiTlocon, locouantem — t pouilar. Hiuc 
e theoremale exemplo primo iuTeuto, ridelicet posilo: 

o« — v»+»uv(l — ii»v»)=0 
y(T+ta ^), +u',' 

y *'+v'i.'('+*u')i' * 



fieri: 



Y+8u* 



altenun slatim deriTator faoc, posito: 

«(■-tv^^y + T^y' 
■^./ + rfT'Cu-»t'))^- ■ 



lam vert mt: 

nnde seqmiar: 



/>- 



U— «v> 


'y' 




n 


•^/izrr 


'1* 


1 «(.• 


-T') + «T(1-U'.' 


) 




— 8di 





Ul loco —i 



Vr 

H- 8 1 sire z in — z , sive x iu — x niutari deltet. 



Simili modo e theoremate, exemplo &ecundo propositu, alterum dcilucilur, viile- 
licet posito: 

.i(u+v')y+TVu'+0(u+T')y'+T"a + u't)T' 

■^«■(l + II^V^ + U-vCu^+V-J^U+TVy^+U^T-Cu + T'),* 
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'•+<'' 


-•', 




•' 


'!+-■» ' 


— •'', 


fwm 


tnUfmm: 


4* 





.t'I— ••?*,- 


-'■*—."/ 


- ..'I+.1./ 


1-..', 


SJi 





/l_«» /"l — »'»' /l— «»/'l— ■•^ 
llfi tnnftfonnatioiie t»» adhU^ita perrraitar ad MDlli|)licatioDeni. 

flairc doo «xempla, ri z. Iranxfonnatiouea tertii el ijninti ordtoia , iam prios io lit- 
Itrrio «rxhilmi^ qoa« metue lonio a. 1827 ad G. ScfaDmacher rfedL V. Nova Astrcm. I. I. 
fiet: non ibidem metluNli, qoa erota soiit, geoeraUtatem [waedicabani. Allemm bieDnio 
ante lam a O- Ijegendre inreDtam erat 

DE WOTATIOWE NOVA PUNCTIONUM ELtlTTlCARUH. 

17. 

Miitnin faclin cjuaeKtionilms atgebraicis accuralins iD((uiramus in daturahi'anal>~ti- 
c.am functioonm noslramro. Antea antem notatioais DKKlam, cotu.s iu secftKatilim usus 
«rit, iDflicemnJi neceue ei»t. 

PoMto / -... - . - — = u, angnlum ^ amplitudinem fmiclioniiH u vocare Geome- 

/ V 1 — fc' ti» ^' 

everunl. Hunc igitur angi 

rf; 

(Ji=am 

/'' J. 

# — J— - — =u. 

y /rrr/nikv 

.atn.u. 
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Irae comoevemnl. Hunc igitur angulum in secjuentibu» '(1enotal>imus'|)er: ftuipl. u »eu 

breviiM per: 

(Ji=am.u. 

Ila, ubi / - ■ — ■ °" - ■■— = u. erii: 

x=sin.atn.u. 



I 



91 

Insuper posito; 



J jr=^,rT=PT'J jx^. 



vocabimas K — u ComplemeDtum fiiiictioois D ; CompJemeDti amplitudiDem designabimus 
per aNtm, itantsit:. 

Expressionem ^x—Vnfi*wa^^ — -j » dnce Cl. Ijegcndre, deDotabimos per 

Andusv 1 — k^tin^unit . 

Complem«itam, quod vocatura Cl. L^eDdie, Moduli k deiugoabo perk', itautut: 
kk4.k'k'scl. 
Forro e DotatioDe Dostra erit: 



K'=/" " ''^ .. 

J /t_k'k'«.*> 



IModulus, qui subintelligi debet, ubi opus erit, sive uocia inclusus addetoi) sire iu mar- 
gine adiicietar. Modolo non addito, in seqaeDtibDs euDdem ubiqae MoilDlum k sdIh 
intelligaK. 

Ipsas expressioDes sia am u, sin coam u, oos am . a, cos coam d, A am u, A coani u, 
cet. ac generaliter functione* trigonomttrica» am p i itud ini a , tn seqaentibus Functiortum El- 
iipticarum nomine iDsigDire coDTeait; ita ut ei Bomioi altam quandam tribaamus notio- 
uem atque hacleDus fiictum est ab ADaljstis. Ipsilm u dicemus Argumentum Ftmctionit 
EUipticae, ita ut posito x = siD am u, -ii=:Arg.siDam x. E BOtatiODe proposila erit: 

" &.aBU 

k'dnM« 
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FOBMULAE IN ANALYSI FUNCTIONUM ELLIPTICARUKt 
FUNDAMEKTALES. 

18. 
Fouamas am.n = a, Bm-.T = b, am(u+v)=(r, am.(n— v)i=-&, nolae wnt 
(oriiiulae uro addilioue et subtractione FuDcdoDQm ElIipticBram fundamentales : 



. 


*inteo»bAb+(mbcoi»Aa 


IIO ff 


l — k'iiiia'«iib' 




cosacoab — HnatinbAa&b 




1— k'*iDa'Hnb- 


A , = 


&»ab — k^tinasiiibcMacMb 


l-k'«n.'.inb' 


dn 3 = 


linacoihAb — linbcojaAa 


l_k".ln,= «nb' 


co.9 = 


c<»ac<Mb+(iaa*inbaaab 


1— k*«ina**iDb' 


A a — 


£ka<:ib+k'tina>inbco)a«o«b 



l_k'»i 

Ut in promtu sint omoia, quorum in poalenun usus erit, adnotemus adhuc fonna- 

laK .sequcutes , (juae facile demonstrantnr, et quarom facile augelur numerus : 

., . , . - t.unaCoibab 

1) ■in tr 4- un ft = 

t} cos v + cot % xt 

3) a <r + A 3 = 

4) .in , - « .a = 

5) co» . 9 — co» r = 

6) d 9 — a «■ = 

7) «n <r , un » = 
tt) l-|-k'<inr.«ind = 
9) 1 + tin r . un l> = 



1— k*«iA>*dBb' 

<co>a.coib 


1 — k'Hi>*'Hnb' 
«Aa.Ab 


l — k'iina'.inb' 
tiinbcoiaAa 


l-k'.ii..'«nb* 
S.inari«bA^b 


1 — k'M]ia>.Mub' 
t^*ina.«iBl>co.*.co.b 


1 — k-MD^dab' 
Boa' — wob' 


1— k'«ia^«ib' 
at.'+k*MBa'.co.b' 


l-k-.-aa^Hnb'- 
co.b'+.ina'ab' 



yGoogle 



10) l+mx.coi» = . 
111 l + li,.i>^. 






11) l_k-m„ia9. a.-+f.i.f»». 

1 — k*uDa*>>Dli* 



13) 1 — unv«iad = 
14} 1— eMrcoi.9 = 

15) 1 — 6 «- & 9 = 



1 — k*uD«*iiiib* 

tlna'Ab*4-jinb'A*' 

l — k'iin.*.inb» 

k*(»in,'cMb* + ,inb'co 

1 — k'Mna*nnb* 



{co»h±iiD«db)' 
1 — k' MD ■' lin b' 
(cMa±,ltthaa}* 



16) (1 ± lin .r} (t ± MD 3; 

17) {l±«D»)(lT«9j l-k'uD»*«nb* 

18) (1 ±kuD^Xt ± kriD9)= 'tit*''.i?a',r '^' 
(Aa±kiinbcM>)' 



19) {l±k«i,ffXlTk.in>) = 

») (t±co,*)(l±w,») = 

«} (l±co.<r)aTco.J) = 

») (i±a<r)(i± Aa) = 

») (l±iT}(iq:<ia) = 

34) un cr co. ft = 

tS) «n » CM <r = 

26) ND s' A » = 

87) un » A iT = 

S8) coi ir A » = 

89) «M 3 <i «■ = 



(cMa±wb}' 

(MnaabTMobA»]' 
1 — k'.ina'.lnb* 

(A.+ah)- 

1 — k'Mna*,iDfa' 
k'«n' (»Tt>) 



■io a co, a A b + ,in b eo. b A a 

l — k*«na*Mab' 
linacota Ab — »nbco*b Aa 

1 — k'nna'Miib* 
CO»bMnaA> + co,a,inbAb 

1 — k*Nna*Nnb* 
co. h MD a A a — coi a lin b A b 

1 — k' lina* rin b' 
otaco.b Aa Ab — k'k'Ma»Hnb 

r-k'una'.iDb* 
o.»co,bAaAb + k'fc'.ina md b 
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1-k'. 


.iaa'ui>b* 


Xiinb 


.CMbA» 


1-k'. 


m«'Hnb' 


■ co.»'- 


■iaa'Ab' 


1-k'. 


:iua*«uib' 


cwb'- 


iiab*Aa' 



S4 

so) .]„(,+»)= '" "■■ 

Sl) .in(,-5)=- 
8!) eo. („+») = 

DE IMAGINARIIS FUNCTIONUM ELLIPTICAKUM VALOHIBUS. 
FBINCIPIUM DUPLICIS PERIODI. 

19. 

Ponamus aia (^ = i tg ^, obi i loco |/— 1 pOMtQOi est more pleri5(|ue Geometris 
usitalo, erit co» (5=:sec it= r. nnde d(P=-^ — r • Hioc fit: 



/".- 


-k'.iii4)' ^oati^+Vimi^' 


/"i-k'k'™.|f 


Quam e notatiooe uostra in hanc abire Tidemus 


aeqnationem: 


1) 


w, >m i • = i IMJ .» (n. k-). 




Hioc se<]uitur: 






«) 


e...«.0«. k) = .«.»(.. k') 




») 


taiig Mn Ciu, k) = i.iii.tn(u, V) 




«) 


Co.uii(u, k*) H 


1 


,«.m(n, k') 


5) 






"°'"'"''°- ' ' ' a.u,(u. kl 




6) 
71 


w.o»mr.u.k) = iico.co.»(u, V) 
tirroimfin kl — "7!.._. ,. 





k'HQ*|Il(u, k') 

8) Acoani(iu, k) = k' liii coam (u , k')> 
Aliud, (juod hinc floit, fbrmularum systema Uoc est: 

9) riu >m 2 i K' = 

10) liD am i K' = 00 , vd li pl»e«t ± i » . 
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$6 



11} lia m (ii-f-X i K'} ss -I- sin im n 
IQ eoiui (n^XiK^ =s — cos am u 
IS) & ■!■■ (u + S i K'J s _AuDH 

14) rioi«(B + iK')=-j-^-L-— 

— idlDIH 



1S> «o> •m (n + i K') s 



16) ^^ta + iK^J^^^ 

17) A «n (u + i KO 5= — i eolg am ■■ 



18] lincoamtu+iK') = 
19) coicoun(a + iK') s 



+ fc'i 



aO) Iffcoam Cu<f>iK') = -^aamn 
tl) Acoani(a*f-iK'} = +ik Igama. 

E fornmlis praecedeiitibus, quae et ipsae tamqaam fua<1aineiiUles iu Analy.si fun- 
clionum etlipticarnm coiuiderari debent , elucet: 

a. functiones ellipticaa argumenti imaginarli ir, Motlnli k transformari posse 
in alias argnmenti realis t, Modali k' = y'"i_vk ; umle geueraliter functio- 
neit ellipticas argnmenti imaginarii u + iv, Moduli k, comjwnere licet e 
functionibus cllipticis argumenli u, Moduli k et atiis argumeuti v, Mo- 
duli k'; 

b. fuuctiones elliplicaa duplici gaudere periodo, alterft reali, alfera unagina- 
ria, siquidem Modutus k est realis. Utraque fit imaginaria, ubi Modutux 
et ipse est imagiDarios. Quod Principium Duptiii» Periodi tiuncupabimu.s. 
Eqao, cumnnirersam, quaefingi potest, amplectatur Feriodicitatem Ana- 
Ijlicam, elucet, functiones ellipticas non aliis adnumerari ileWre transcen- 
dentibusj quae qotbHsdai» gaudent elegantiis, fortame plnrtbti* iltas aut nia- 
ioribus, sed speciem quandam iis inesse profvcti et absolnti. 
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THEOHIA ANALTTICA TRANSFORMATIONJS FUNCTIONUM 
ELLIPTICARUM. 

m 

Vidimus in autecedeutibas, qaoties functioQes elomeDtix ratiouales iategras A, B, 

C, D, U, V ita tlcleroiiiieDtur , ut sit: 

V + U = (1 + .)AA 

V — U = (l — x)BB 
V+1,V=(1+Vk)CC 

V— ;^u={i— ii.)i>D, 



posito y = -r- fore : 



iy 



desigDaute M quautitatem CoDst&utem. lam expressiones illamm fuuctiouum aualyticas 
genrrales proponamas. 

Sit u numerus impar qnilibet, siut m, m' UDDieri iat^i quilibet positivi seu ne- 
gativi, qui tamen iiBCtorem commauem non habeaut, qui et ipse numenim n roetitnr: 
pouamns 

_ TnK+m'iK' 



fit: 



M \ nii*«in4M / \ HB*iin8a / 

V = It— k*nn'«tt«<i.»j |l— k*Mii'aii>8a.i>| . 

* = ('+ ^cLt. ) (■+ ^.,L„ ) ■ 

\ lincoamin / \ ■incoamSa / 

C= (l+kuncamm<«.s| (l+knnciMin8a.i| . 

O XI |l_kMncaun4«.x) |1— knncoamSti.sj . 



\ ria*M.«(n— 1)- 

|1— k*Ha>unf(n— I)m.i 



\ Mnco«mt(n — 1)b 

II— k jinc<»iiit(ii-*l}i*- 



«.t(._l)- 
..«(»_1). 
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X= k' [HncoHn4».tineoun8«.. 


..«ni»«nJ(n_l).}' 


=;(.i.„™t.mo»m8... 


..rii»coam«(n— l).i* 


" '" U«n4.™»n8... 


..«. .m«(n_l)./ 



Quibuspositis, nbixssinamu, fity^Y^^^^^iif^t M- 

ADtecjuam ipsam aggrediamur fbrmiilanim demoostrationem , earum traDsfonnatio- 
nem quaodam iudicaliimns. Qnem iu finem seqoenlea adootamus formula.i , qnae statim 
e fbrmulis $.18. decnrmnt: 



1— k*«ii'i 



t) 



/ »m»mu V 



(l+kMiiani.(n+M)) (l+k()ii.*n[n— «]) (l+ktfnan>u>iiio<»in«y 



&'un« 1— k'» 

(l-kria««(u+.]) (l^krinan. [»—«)) (l-kri. 



E qaibus formalia etiam sequitur: 



ii[u+(i]co(»m(u— d) 



coi*amo( 1 — k'i 

a«m[tt+«)a«m{— >) __ l-k-riB 



&'»ma 1— k*MD' »m min' ■■ 

Posito X = sin am u, nanciscimnr e formula 1): 



— winm{a+et]wnam[H — m) 



e foRDuIis 2)> 8) : 

r* H..COW. ) (t±riB»m(n+«))(t±»hiwn(.-.]) 
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^) 



2— «=tv 
Hiuc tandem dedacitar: 



^-(^)- 



-^.-.•m(^) 



lam cum sit M=-^c=:t/-^^^^J, traosfoniialio (juiuti onliuis coutioebitur theore- 
mate setjaeote: 

THEOREMA. 



Postto : 



1) ii'_,.+5ii...(u._v.)+4nv(t_o<v.)=0 

v(.-u')x+ii.(..+v.)(v_..)..+u.'(l_u,.).. 
v.(l_av')+.v.(..+v1(v_«').-+u...(v_.').. 
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QUOnODO TRANSFORMATIONE BIS ADHIBITA rERVENITUR 
AD MULTlrLICATIOHEM. 

16. 

iRspicieDtem aecjoatioDes iater u et v, daobns exemplis propositis invenlas: 

u'-,»+5u'T*(ii'-t»J+4uv(l_o'T')=0. 
fugere uou potest, immotatas eas maoere, ubivlocou, loco u autem — t pouilur. Hiuc 
e theoremate exemplo primo inveuto, videlicel posilo: 

a*— v«+«uv(t — B*>*) = 
= *(' + «"V' + "'-' 

fieii; ■ - ■ ■ 

dy ^ T+tu' • d» 

alleram statim derivatDr hoc, poj»ito: 






fieri: 



. vfi— »' /T^' 
lam vero asl: 



.Jl— 



aode &e(|aitDr: 



u-a»»\ Xu^-t^j+uvd-u'^')^ 



-Sdi 



/"j — «• /1 — tt'«» /'l — »' /"l — u'»' 

Ul loco — 8 ematur +• 8 , sire z in — z , sive x iu — x mutari dettet. 

Simili modo e theoremate, exemplo »ecundo proposilu^ allerum dfnlucilur, vidt'- 
Ucet posito: 

B(u + v')y+v*(u'+v')(u+T')y' + t'»a + i.W)y' 
i.'(l + tt»v) + u* vC-i'+*'>(u + T*)y' + i.'T' (»+,«) y* 
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^ 



dt M + v' dy ^ 

lam cnm jeqaatar ex aeqnatioae: 

u-— T«+5u'*'{u»— v-H-lnvCl— o«^*)=0, 
(u+v')(v-..') ^ u>(l-u*v«)-{u«-^) ^ 
ut(1 + i.»v.(1-uv') uy(1+u'v)(I-u.') 

fieh videmas: 



lla transfDrmatione Iiis ailhibita perrenitar ad Mulli|)licationem. 

Haec dao exempla, W z. transfonnalioues tertii et quinti ordinis, iam prias in lit- 
leris exhibui, qaas mense Innio a, 1827 ad Cl. Schumacher dedi. V. Nova Afllron. I. i. 
Nec non ibidem methodi, qna erata sant, geneFalitatem praedicabam. Alterum biennio 
ante iam a CI. Legendre inventum erat. 



DE NOTATIONE NOVA FUNCTIONUM ELLIPTIC ARUM. 

17. 

Miasis faclis qaaeslionibus algebraicis acciirntias ioquiramus in riaturahi' analyti- 
cam functionnm nostramm. Antea auteni notationis mo<lum, cuiu.s in sequentitN» usu» 
erit, indicemus necesse est. 

Fosito / — — — ^u. aneulnm $ ampUtudinem functionLs u vocare Geome- 

/ /l— k'.io0' 

everunt. Hunc igitur angi 

jt; 

(P=:am 

P" d. ^ 

.afcn.n. 
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trae consneverunt. Hunc igitur angulum in secjueolibns 'deiiotabimus i>er: anipl. u seu 

brevias per; 

(P=:am.u. 

Ila, ubi / - °' . . ' = "• *■*'*■ 

x=;sin.akn.u. 



Insaper posito: 






vocatiimiu K — u Complemeatum fuDctionis o \ Gomplementi aii^iUtudioem designabimu.s 
per oKun, ita nt ftit: 

Expressionem /'i— k*«ii'amu=: — -^ > dace Cl. Legcudre, denotabimns per 

A«ina=v 1 — k'iiii*amn . 

Complementnm , (jaod Tocatur a Cl. Legfmdie , ModuU k deiugnabo per k', ita nt ut : 
kk-t-k'k'=i. 
Forro e notatione noatra erit: 



J /i-k'k'-«» 



Modulus, qui subinlelligi debet, ubi opus erit, sire uncis inclusos addetnr, sive in mar- 
^ine adiicietur. Modulo non addito, in seqDentibns euiidem ubique Modnlnm k sut*- 
intelligas. 

Ipsas expressioues siu am u, sin coam u, oos am . u, cos coam u, & am u, A coani u, 
cet. ac geueniliter yu/icftofiM trigonom^ica» ampUtudiai» » ta aet\awi\ih\a Fuactionum El~ 
lipticarum nomiue iDfdgnire conrenit; ita ut ei nomini aliam qnandam tribuamus uotio- 
ueni atque hacteuus fectum est ab Analystis. If^m u dicemus Argumentum FwKtioni» 
Ellipticae, ita ut posito xs=staam u, u=Ai^.sinam x. E «otatione prt^sila erit: 
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FORHDI.AE IN ANALYSI FVNCTI0NU9I ELLIFTICARUM 

FUNDAMENIALES. 

18. 

FouaDins am.n = 8, ain.r=:b, am^Q-f-T)^?, am.(a — v)i=^, notae sunt 
iormulae pro addilioue et sublractione Functiouam Ellipticarara (iiiulanienlales : 





nnaeo«bAli-f *<i>l>co*a^a 


' 


l — k*im«'»iiib' 


»..,= 


co*acoib_«iia*iabAa<a,b 


1— k'Hi»*nDb' 


a <r = 


A»Ab — k*»n«shibco>acoib 


1 — k'iuia'iiDb' 


nn» = 


nDBcoihAh — linbcoiaA. 


i-k'.in.'«ab' 




coiacoib+iinaiinbAaAb 




1— k'uoa'*inb' 




A.ab+k»rinaiinbco.a»o»b 




1— k'iina'iinb' 



Ut in promtu siat omoia, quorum in poalerum usus erit, adoolemus adhnc formu- 

las sequciite!) , (|uae facile ilemoustrantur, et quarnm facile augetur nomerus : 

,, . ... S.iinaCoibAb 

1) iiii r + MO 9 =: 

5) coi «- + CM ft s 
3) d 17 + a S == 
*) lia r — liu > = 

6) a a — a » = 

7) lin o' . lin ) = 
«] l-t-k'«inr.(inas: 
9) 14-*inr. linS = 



l-k'.;n.*«.b< 

tco».co*b 


l-k*nna>.iDb> 
ZAa.&b 


1 — k'iin.'riQb' 

Siij.bcoi»A. 


■l_k'.ia.*.inb* 
SiiDa.in^A.Ab 


1 — k'rio«*.«Db' 
2k'.ina.ii>bcoia.coib 


1 — k**in.*riBb' 
.lB.'-riab' 


1 — k'rin.'riiib' 
Ab'+k'rina'.CO.b' 


1— k^.rina^rinb* 
COib' + iina*Ab* 
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10) l<t-w»#.caid = - 

11) 1 + ^ r . <& 3 « - 

l^ 1 — k»MII#^»ill9= - 






1 — k'<illl'*Ulb' 

fl«* + Ab' 
1 — k*iiaa**nib' 

a»'+k'.h.b'co*>' 

l — k^uaa^nnb* 
CMa' + iinb'a«' 
l^ 1 — .ioff«nS = lI.k'\ini'MBb' 

i'ab'+iii>b'a»' 



14) 1— «Mr<ot.li= - 



1 — k'*iii>'>iab' 
k'(iin>*coib'+«nb'co..') 



15) I — d « A » = 

(coib±ua*ab)' 

16) (l±«nff)(l±dnaj = L______ 



1 — k'iin>'iinb' 
(& b ± k un > ooi b)' 

1— k»wi)>'»inb' 
(a>±k«nl>co»)' 



18) (l±k«nffXl±k ««>)*= • 

19) (l±k«.ffXI-Tk.ioS)=- 

(co»±eoil>]* 
») (l±CO.f)(l±C0.>)= i_.k'.ia>'.iob' 

(.in>abTMBb&>)' 
ai) a±c«i^)(lTco.») — i-k'.in.'iinb' 

(&>+ah)' 

«) a±a*){i±is)= — r -k'Z.'.inb' 

k*wn*(>7b) 
«3) (l±a*)(tTiS)== |_h'iin>'iinb* ' 

lin > coi a & b + linbco^bAa 
24) «nffco.a= ._i>.ln.>.l.b' 



t5) lin 9 co* r = - 

a^ lin «■ a J = - 

«7) «n 9 A <r =! ■ 



1— k'iin>' 

CO.biin>a> + C 



1— k*rina*Nnb' 

o.bunaA> — coi>iinbAb 

r^k'»ina*«nb' 
lacoibaaiab — k'k'iina»;nli 



48) co. <r A a = r-^k*iin.'«nb' 

Mbaaab + k'Viinai 



S9) cot » a ' E 
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SO) 


.to (,+S) = 


31) 


.in(,-S) = 


M) 


co. (.+9) = 


SS) 


».(._S) = 





— M 


2.in. 


i«>.*ab 


1-k', 


»..'.i,.b- 


S.iD]> 


.co.bAa 


1-k', 


>to.-.tob' 


' «,..■- 


■ .i..'ab. 


1-k-, 


,i...d>b- 


co.b*- 


'Wtb*a.' 



1 — ),*».■' uub* 



DE IMACINARIIS FUNCTIONUM ELLIPTICARUM VALOHIBUS. 

rniNcipiuM DnpLicis periodi. 
19. 

Ponamaa sin $ = i tg \^, nbi i ]oco ^ — 1 po»tam est more pteriscjue Geoinetris 

usilalo, erit cos (li=sec »1= ti nnde d0=5-^ — r • Hioc fil: 

dip id^- id^ti 



/"l— i'«nip' /'w>H^' + k'*ia)i'' /"l — k*k**iDll^ 

Qaam e notatione Dostra in haao abire videmus aeqaatiouem: 

1) «>n ■m i u = i tang im (u, k*). 
Hinc se<|i)itur: 

<] ciifam(iu, k) = lec >m (u, k') 

5) UngMn Ciu, k) = iiiaam(u, k*) 

« A r L, ii«m(ii.k') l 

*) a am (i u, k) = -rg — •:. — 4- = -: — -- 

Coiani(u, k) MDCOam(ii, k) 

« .i.CO»f,..l) = .j_i-^ 

6) c..co.»(i..k) = ii-c™oM.(.. k') 



7) Ijco 


"■''-^'= k-.i..,(.. k1 


8) Ac« 


,m(i., k) = k'«.c..m(., f). 



Aliudj c|uod hinc flait, formnlarum systema hoc est: 

9) sin am S i K' = 

10) «in am i K' = 00 , vel li pUcct ± i 30 . 
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»6 



U) 


.ii.ui(o+>iK')~+iu,>mit 




•*! 


c».(.+SiIf) = - c» m . 




m 


ara(a + tiK') = — dMi.u 




») 


1 




««««(a+.K') ^,.^^; 




15) 


Lo.uuru liKV -'^»"" 


— ik' 


«o.u.(u + .k; ^^„,„„ * 


kcoicoaiRu 


16) 


.. .. , . • »>. +' 








ID 


a«.{y +iK') = -ic<.^.m. 




18) 


.m«.«»Cu+iK') = .^"°" = - 


1 



-iK') = 



+fc'i 



10} tgCMm(ii + iK-) iB — la.in« 
«) a«»Ri(u + iK')s= +ik tguna. 

£ foniroli.s praecedeBtikas, qaae et ipsae tamquatn fuDdameDtales in Analysi fun- 
ctionuni ellipticanim considerari debent, elucet: 

a. functiones ellipticas argumenti imagiuarii iv, Modali k transformari poiise 
in alias argimienti realis r, Modoli k'^^i_kk ; unde generuliler functio- 
ne» ellipticas argameoti imaginarii u + iv^ Moduli k, com|ionere licet e 
functionibns ellipticis argumenti u, Afoilali k et aliii argameuti v, Mo- 
duli k'; 

b, fuQCtiones ellipticas duplici gaudere {leriodo, alterft reali, altera imagina- 
ria, siquidem Modutus k est realis. Utraque fit imaginaria, nU Modulu» 
el ipse est imagiuarias. Quod Principium Duplieis Periodi HDncupahimu». 
Eqno, cumnnirersam, quaefiogi potest, amplectatnr Periodicitatem Ana- 
l}1icam, etucet, functioues ellipticas noa aliis adoumerari delwre transcen- 
dentibus, qoae qmbusdam gandent elegantiis, fortmw plorilttis illas aut nia- 
ioribns, sed speciem quandam iis inesse profecti et ab.'joIuli. 
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TUEOUIA ANALYTItA TRANSFOHMATIONJS FUNCTIONUM 
ELLIPTICABUM. 

aa 

Vidimus in autecedeutibas , quoties functioaes elomeoti x ratiouales iutegras A, B, 
(', D, U, Vita determiueotur, utsit: 

V + U = a + «)AA 

V — Ut=Cl— x)BB 
V+XU = Cl+k-<)CC 

V — >.U=(1 — ki)DD, 



posito y: 



Ui 



fore: 



Ay 



clesiguaDte M quantitatem CoostaDtem. lam expressioues illarum fuuctiouum aualyticas 
genrrales proponainiis. 

Sit Q oumerus impar (|nili)>et , siut m , m' nnnieri int^ri (|uilibet posilivi seu oe- 
gativi, qui tamen factorem commouem uon halicaut, qui et ipse uimeram n metitur: 
ponamns 

iiiK+in'iK' 



V = ^t— k*M)*unt*.ii] /l— k*iiD'un8..(«l . 

A = (l + — : ^^-r-) (^ + ~ ^-5—) • 

V tincoamia / V uncoamBB / 

» = (■- ■■„ Jn... ) (■- .^^.,. ) ■ 
C= (t+kiiDcoam4M.ij ll+kMn«Mn8>.xj . 

O = fl— kuii«Mm4«.xj |1— kdncoHnSM.ij . 



r 


*m 


Mn«{n 


-1). ) 




rin* 


amSCa- 


1).... 


{" 
t. 


«n 


.oaint(n 


-"" 



II — k ■iaco.mKi 



«(.-1). 
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k s k" {tmc<nm4«.rincMm8-....«iD«Miii<(ii— 1]»]* 

JJ^ ftipcoamiwiiaeommSw.... w»coMni[ii — l)» !* 
"^ ' tHn am 4mm m 8>....rio am2(n_i}N/' 

Quiliuapositis, abix=$inama, fity=s-rp-=siiiai]i[~} Xj. 

Aotequam ipsam aggrediamur formnlamm demoostratiouem, earum transformatio- 
nem (jnaQdam iudicaljimos. Qaem iii fiiiem seqaenteii adootamus formola^, qaae statim 
e ibrmulia §.18. decnrrunt: 

lin' am u — tia' am « 



.(.+.)«i «.(.-.)= 



1 — k'. 



(1+Ma.(.+.)) (1-t-A ■»(.-.)) y + m,^m.) 



(1— •ui.in(tt+«)) (1— unain(u — .)) 



S) 
») 
** A*uii. ^ 1— k'.n- 

E qaiboii ionnnlis etiam swjuitur: 

6) 



1 — k'iin'atn uiin^Mnni 

/ sinamu \' 

\ rincoaniB/ 



co*'am« 1— k'rin'iniurin'*m<i 

(i-)-krinam(n+«)) (l+k*bam (>—«)) (t+k«ia>>i>urinco*m«)* 

&' am ot 1 — k' uq' am u rin' «m s 

(l_kria*m<u^-a)) (1— kdQ3m(u— «)) (l— kriQaroaiinuMmK)' 



c(Mam(u+ii)co(am(u— '«) 



t — k* un' am u lin' 
aHn(a-(-«)aam(u— r) 1— k'riD'amurin'c 



A'am« 1— k*un'amuriR'i 

Fosito X =: sin am u , naDciscimar e formala 1 ) : 



-ri«am(a-HOrinam{u. 



1 — k*Hn'am 

e fonnulis 2), S) : 

(^* riacMW» ) (l±riiiam(Q-h«))(li:riBam(— «)) 

, 1 — k' i'un* am «i G>>**am« 



gilizedbyGoC^Ie 



e fonnnlis 4)> 5); 

(l±k.«nco«n>)' ^ (l±kriDim(.+«)) (l±kdi.tm(ii-«)) 
1 — k*x*Hn*aina A^amot 

Hiuc ol>i ioco « 8ncce»siTe ponitnr 4 •(, 8**, ...2(n — l) •», loco — ■ auTem 4 n «« — >, 
oblinemns .- 

U _ lirr^tipSm^»/ r~^a^wr8X/""V~ wi*»in«(n— l)»jl _ 

V ~ (1— k'»*un"am4») (1 — k»i'Mn"amlt*i) .... (l — kVjm^amSCn — 1)«.) 

dnamn.iinam(a + 4«)Knam(B+8») .mam(ii+4Cn — 1)») 

~ {.inco>m4MHnc«am8>.... rincoainS(n — 1)<>J' 

(I + i)AA _ t' + '>}('+ wn«>,w4> M*'*' «incoamgr') ('"*" .mcoimgfi. — 1). J j 

*^ V (l— k'x»iiii*am4») (l— kV.iii'am8-)....(l — k*i'«n'am«(n— !)•) 

(l+«D.m«)(l+.l»am(«+4.)](l+.Inam(n+8.))....(l+«««»(n+4(.^-I)-)) 
lc«.*m4o.coiaDi8«....co*MnS(a— 1}»V 



«-.,.- 



aiim /\ Mnco»m8l / ' 



(1 — i]BB _ M\ .incoam4« /\ Mnco»m8« /" \ wnco«m»(n — 1)» // 

V ~ (l_k»i*iin*am4») (l-k*.*iin'am8»)....(l — k^r-du^amiCn — 1)«) 

(l-.m.mu)('l_,in.m(u + 4-)j^l-«nM«(H+8-)|....(l_ihi«n(»+4(n-l).)) 
{coi.m4«.c«iM8a .. .. co.am2(ii — 1)hV 

- (l + k,)CC _ (l+k»){(l + ki.inco.m4-)(l + kiiineo.m8>)....(l + kr.incoMnt(p— 1),) ]' 
"' V ~ (l-k'i'.in'.m4»)(l-k',*rin».mB»)....(l-k'x'Ai'«»g<.— !>•) 

(l+k iin .m u)(l+k iio .m («+4 -))(l+k «n .m (»+« -) j . . . (l+k iin m (*+4{«_l) m)\ 

{A.m4aaain8«...^am2(D — 1)-)' 

(l-ki)DD _ q — ^')[(1 — fc'"««"m4-)(l— ki.incown8-)....(l — kxw.co>m>(n— l)«)y 

V (1 — k'x'im'am4-)(l — k'i'iin'«m«-)....(l_k*i*.in*amS(o— I)») 

(l-k«n.mu)(l-k«,..m(u+l-))(l-kiinam(u+8-))....(l-k«n.m(n+*(x,-l)»)) 
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Hinc etiam aecjuualpr fennwim: 



y 1 — ixAB /■- \ *iii* coaDi 4 ti/\ Mn* coam 8 m/ " * ' l 



m t(n — 1)>/ 
"(1— U'«'wi' »iB4»)(l—'k' »'"«•' Ma8»)....(l—k'«' »in'wn«(ii — l)») 



)iaiiiu.co]aiii(u+4«)co*am(a-t-Sa)..,. co(ain(u-(-4[n — I)m) 
IcosamtH.caianiSM .... oisaiii2(n — 1)*>}* 



/^l-k'x'.CD 



= /T:i?t 



(l-k'i'»n'cMn>4«Xl-^*''«n' «««&") ■■•-(l-k'>'*''>'<»»m2(ti-l}«) 



(l-Vi'«n'«m4-)(l-k'i'si«'«n8»)....(l-k'>"«n'»n)S(o-l)-) 

ua)mi(u-(-4»)A>m(a-)-8«)....&am(u+4(ii— l)») 
|Aui4»AwS»....a*Bit(n— 1>>)* 



DEMONSTRATIO FORMULARUM ANALYTICARUM PRO 
TRANSFORMATIONE. 



21. 



laoi detnoQstremus, posito: 



(1— k'i'Mn'am4«)(l — k'.'«n'sm8«)....(l — k'»'sin'»niX(o — !)•) 

('l-«i.amu)^l-«nBm(B+4-))Cl_«n.m(«-(.8«))....(l-fin«.(«-^4(n-l)-)j 

lco*un4a.co*»n8M.c<Maml2*.... cofaoi {(n— l)»!* 

et reli(|uas erui formulas, et haoc: 

dy di 

/'r^/*! — XV M/t-i*V*t — k'i' 

siquidem: 

,1;' liincoam^M.rincoamS'- lincoamf (n — 1)«} 

L-i^' M= -i 1— ~ '-4— . 

lHnMn4«.ikuk8«... «aamS (n— 1) m] 

K fonnula ))ropo»iu (^ipaTet, ■luiine muUu-i 7, qnDties u abit ia uh-4m. Tum eoim 
quivis laclor in suksetjuealem abit, ultimu& rero iu pnoMuui. Unde geiieraliter y uon ma- 
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tatar, »iqiu(lem loco u ponatar n -4- 4 p m, designante p oiuiienixB iutegram posiltriiin .• 
oegatiTum. UI'irerou=0, fit: 

(1— «m«m4«)(l— NiiamS»)...(l— Haun4(ii— 1]«) 

t— yt= j K = 1. 

lcosain4<i.u>*am8a...coiamZ(it— 1}»1 , 

sive 3=10. Facib eDim patet, fore: 

— iiDani4(a~l}*>=-)-Miiam4<. 



(1 — *inan^4>)(l— *iDam4(n — I)«)aBc«i*ani4«> 
(1 — Mnam8«)(l-riii«m4{n_«)«) = coi'am8- 

(1— iinamt(n — l}<i)(l — *inuD«(n+l)a)=u»'amt(n-l}.. 

lamuaiay=:0} quotie3n=:0, neque mntatur y , ubikoi a ponitar Q-t-4pi*, genernliler 
evaDescit y , qnoties u ralores indait ; 

0, 4*. 8., 4(n— S}«, 4(n — I)-, 

quibns respondent valores quantitatis x = sio am w: 

0, rinam4«, «inam8>, .. . >inam4(n— S)-, •inan>4(n— 1}>. 

quos itfl etiam exhibere licet: 

0. ±Mn*m4>, ±iinam8>, ..., ±ahiamS(n— 1}>, 

sive etiam huno in modum: 

0, ±iinamtH, ±*in*m4>, ... ±Mnam(n— 1}>. 

Qui ralores elemeuti x, quos eranesceote y induere potest, omnes inter m dirersi enint, 
eoramque namenis erit =n. lam ex aequatione inter x et y sapposita , e qaa profecti »n- 
mus , elucet , positis : 

V = (1— kV»n'»n.4-)(i— k».'.in»am8«)...,(l— k'.'Mii»»m«(n— 1}>) 

= (l-k'i'.in'>mS>)(l — k'.'iin'«m4>)....(l— k'<'iin*am{n— 1}>), 

y _iL geri U functionem elementi x rationelem integiam n** oidiBit. ; Qnae fnim simol 
cnm r eranescat pro raloribns qnantitatis x nnmero n etinter >e dirersis seqnenti}>iu: 

0, ±*inamt>, ±Hnam4M, ., . ±iinam(ii— 1}>, 
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Becessario fenuiin indait: - ,. . . ' . 

"'yCy " ma*mtm) L " aafiMia^}"" [ "jia-m^n—lim} 

" 'M\ ~~ iin*kni4«/l ~«in'»oi8«t/""' ^ iin*tuit(a — l)m)' 

(lesignante M Constantem. Cnm posito x=l> fiat 1 — f = 0, 7=:ti obtinemiu ex 

V t • ■ ■ ■ / 

aeqnatione 7 =— : 

M(l — k'Mii'«nt«)(l — k'Ha'»ni4«)....(l — k'Mn'.p.(n_l)«) 



-1) * liiiiCMmt4i.iiaco*m4n .... nncofnCa— 'l)*J 

H{>inimS..'«inun4.i....*in>inCa-tl«f 



^^ (-l)^(riHco.m»..«nco..n4. riaco«n(n-l).f 

|un«mS..Mn»m4. ... ^•m(o-— IJ.) 

loter fnnctiones V, V memorabilis tntercetUt oonelatjo, .iUftm dioo aniira mflmo* 
ratam, cuius Iwneficio fit, nt posito t- Ipca x simnl 7 in 7— alfeat, designante X Con- 
stantem. 

Pouto enim r— loco x abit: 

" = ■5-('-S=^)/'-5=Si^).-('- .,^J(l-.,0 

in hanc expressionem: 

n-l V i 



k'>(Mnamt..«n*m4. «iD>m(D— I).) 

Contra rero eadem snbstitatione facta, 

V = (l_k*i*.in'imi-)(1 — k'i'Mn'ani4.)....(l — k'.'«n'*m(n-l).) 

iu hanc expre-ssiouem ohtt: 

F 
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Uode loeo X posito -^, 7=-^ abit i 



U HM.k''{«ipiBiS..*miw4....jiiiun(D--l).J* ' 

-HTe y in — ^ siqaidNU pomtnr: 

A = HUk''{ri>in)S«.jmain4»....tiQHn(n-l).}* 
» k^liiDCMnitw.mieMaiiw..,. (ine<»iii(ii_l)al* 

M (juod demonstnndtim erat. 

£x aeqnatioiie proposita : 



(l-kVMn'«n4-)(l-kV«n'.B8-).,..(i_k'.'.m'.n.«(n_l).} ' 
posito j- loco X, — loco y, q^uod ex antecedeotibns Ucet, eruimus: 

T7~ *^ — iir"{0-^»"''w»"«*")(»-fc«»o«an.8.)....(l-k»rioct.M.8(n_l)»)i'. 

cjuod ductum io Xy = -^, praeLet: 

l—K = fl — k«J {0~^"'''""°**')(^— l' "''*«"'" 8-)... (l—ki.jinc<»mt(ii-l).)}' 

Ceternm patet, y =— - abire in — y , ulti x in — x mntatnr, quo facto igitur statim etiam 
l-t-y, i+Xyex 1 — y, 1 — Xy oljtinemns. 

lam igitm eiusmodi iQvenimus fntictioues elemcoti x rationales inlegras U, V, 
ut fiit: 

V + U = VCl + y)= tl + »)AA 

V — U = V (I — y) = (I — 1) BB 

V + XU= V(l + Xy)=(l+kx)CC 

V — XU= V(l-Ay)= (l-ki)DD, 

designautibus A, B, C, D et ipsis functiones elementi x ratiouales integras. Hinc autem 
Becundum Principia Traosfbnnatioms initio stabilita stalim seunitnr: 

d y di 
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Muhi|)licatoKm M^ queni rocabim^s, eifL obserratioQe §. IS fecla obtioeinu». Ua<le 
iam omneH formulae aualyticae geueralea, quaa theoriem traasformationia (unctioDum el- 
iipticarum concernDut, demoostratae sunl. 

22. 

Demouatralio propoula ex ea» qoam Jedimns in Novis Astronomicis a CA. Schu- 
iiiacher editis No. 127, eruilur, ubi positar « loco — altis omuibus imoiutatiB maneuti- 
biiK. lpiwm:theor«ni'a' a>alj^^ geaoraltf de Tranafor&iatione sab fbrma panlo alia iam 
prii^s il>i<1eiii No.. 128 cifpi Anplyatifi QanaafmioKmnm. . Dtanqnxlrationem "0. Le^cn(tre, 
siimmus iii hac iloctriua arblter, ibidem No. ISO benigne et ptaeclare receosere voluit. 
Olfservat ibi Vir mDltu> Qomiuibos ren^andos, aequatiouem : 

V iH. _ « iL - .^HL - X 

d. a» M M ' 

cuiuii beneficio deuioustralio conficitur, et quae nobis e principiis transfbrmationis mere 
algebraicis sequebatur , etiam sine itlts analjtice probarl posse. Qnod cnm ex ipsa Viri 
Clarissimi sententia egregiam theoremati nostro lucem offundat, praeeunte illo, pancu hunc 
in modum dc-mou&trenius. 

AequalioDem^ propositam : 

„ dO „ dV ' ABCD T 



ita qiloque exhiltere licel : 



dlogV A.BCD _ T 

. dx '^ MUV MUV ' 



InventDius autem: 

" = ^('-s?^)('-is^)--('- ^^Jil-^J 

V = (1— k'.'*m'»««-)(l— Ii»<'«n*»in4-)...(1 — fc'<'4iii'«n(D — t)-). 

unde : 

AiofV dWV _ _t_ . yf -«- . tk'»»ia'w«itq- 1 

dx ~ di " X ''"'*l«ii'amt^- — XI ''" 1 — k'i'uil*aM2^» j 

F 2 
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Dmnero q in stitnbin desigaaM tiri£rutid TaiorfAusi, Z, i', • ■ :', ~^' ^'>'^ iaTeQimas: 

CD = (l_k'i'iiii'co»in««.)(l — k'.'iii.'eoaDi««)....(l— k".'un'cown(it— 1)«.), 
unde: ^.f. 

™^" ""' .-nf.-,.". |(i-v.-.i.-.-.,4 ■ 

siiiuidem in productis breyijtatj^ if^llW pifie%o.:^j^ n. deopfaUs dMttento p Tjalcres tri- 
bwnDtur 1, Kf ft, . . t .:, ' -T . . HaDe.icatfvessioDem iu fractiODes sioiplices discef^pert 
licel, it« ot fohnam indbait: " ' ' 

quo facto ut eTictum habeamus, (|aod propositnm est, demoustrari debet^ fore: 

Deitotabimus id sequentilius praefijxo siguo n^^ productum ita fbrmatum^ ut ele* 

meDlo p valores tiibuaDtur 1, 2, S, . . ., ~t~) omisso tameo valoie p=q. HIdc e 

praectptis fractionum simplictum theoriae abupde notis se<|uitnr: 

•in**oi2q« 
/ »in' co»ni 8 p «( ^\ 

.(1) /...... ■ , - A ' ' * — k'»in'»mJq»».rin'aniSp«t / 

A = fl — k*»«n*amfq«t.«n'coaniIu«il.— .. . . ' ■■' — ■ 

\ .,..',/',. ^ .in'»m«q«. 



ii U — k'rin'*in2q«i.«in*c<«n>XpM/ 



lam e formulis supra a nobis exhibitis fit: 

im^nnSq^iu 



l: — k'«in**m2q ot jin*«in2pu 
Mn'aingqa» 



«o«imgq+tp)w.iw— »(«q— 2p)* 



M coam («p+«q)«».co«co»m(tp— «q)w 



1 — fMa^^tqu.iin^eonmSp^t co>'ci>ani«p«» 
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Facite autem patct, sublatis qui in deuomiiurtore et uumeratore iidem iuveninutur iacto- 
ribus, iieri: 



n 



c(M*coaanSpw 



2qu ^coicoamSqM 



coscoamXq w co(coBm4qu ca>caam4q0 

nnde : 

(q) — (1 — k'«in*am£qMnn'coamSqw)coicoaiii 4q« 

coj am 2 q n coi coam Z q ai 

At e iiota de iluplicalioue fbrmula fit: 
cojcoam4qu = 



tv 


«nam 


,J,«CO. 


unSqbi^amSqM 


1- 


-tVt\ 


.■„s. 


M+V*iil<am2qti 


Kk' 


nDam 


iSqvcM 


■mSqM^amSqM 


A'aii 


n»,. 


— k'«n' 


amSq«co*'«mfqM 




Zcoi 


_.,. 


MMoamiqM 



— k**in'«aSqM(ui*coamSqN 

uude taudem , quod demonstraudum erat , A'^ = — 2 . FroMtu sinuli modo aliaram aeqna- 
tionem: B<'>* = 2 k' sin' am 2 q w probare liceti qaod tamen, iam invento A''*= — 2, fa- 
ciiiiu ita fit. 

Facile patet, loco x posito -r- uon mutari expressionem : 

('-'■'■'■^'"■»-')('- ^■■J.'.,. ) 

quam vidimns aequalem poni posae expresaioni: 

.+2 -"• + 2 5l1i . 

~ Mn'am!qM — i' ^ 1 — k*«ui'amtqMa> 



Haec antem expressio, posilo ■r—louo z, abit iu bauc: 

t -b'" 

* "*" ^ 1 — k*i'«D'amtqM '^•^ k*(.io*amtqM— »'/ ~ 
^ "^ V k»MD*amtqM/^*' l_k'x'«i.*amtqM ^ ^ k*«n'amtqM" ■■ii'amSqM — i* ' 

nnde ut immntata illa maneat, quod debet, fieri oportet: 

B<^>=Zk'rin'amt4M. 

Q. D, E. 
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23, 

E formnla 14) $.20 sequilur: 



^ '^ ' ^ ' ~ ~ (l-k'>'~n'M»t»X*-^°''"'''«<*")- ■■C»-^'»'™'""(»-')»J 



Fosito x= 1 , unde eliam y=: 1 , ac v 1 — XX=:X', Bt : 



^ [ Aani2d> Aam 4« ...&am(n — 1ja> /' 



lam rero est: 

^ coam u = 
uude: 

1) >.' = 



|aam>u.i:iain4ai.... Aam(ii — 1) u|* 

Forro in uwim Tocatis fbrmuUn: 

t) X = k^liincoamSo.iincoMn^w .... iiil«oui(D — l)nij 

°~^ tiincoam8«.riiicoain4ti .■■.*iDCoain(n— IJwl' 

9) M^(_l)-^-L-p -^ . -J IJ^, 

|siDamSu.iiD«in4>i.... Mn«ili(a — 1 iu'| 

nanci»cimiir : 

n— 1 __. 

4) "" i/ = <ifaiamKM.i!naai4fe> .... linam^n— -l)ut 

5) y ■■ ^ ^ ' ■• JcMamSaicoiam4*i .... e<>iam(n— l)i<>t 

6) •*/ . '■■ = JAam >u ^am4 w . . . . A am[n — 1) oit 
n — I 

^) ""■"Ig V "Tn* = JtB »'"*»'- •6 •"•♦ " • ■ - tg am (n — I) ai t 

8) %/ ■ = JiincoBmS u . iincoam4w . . . iincoan. (n— 1) w| 

C— if^ _/"»■*■' k'" / 1* 

9) jg y ,; = jcoi coam S w co* coam 4 m . , . . cot coam (n— 1) «»1 
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") (-«"^M^^T^ = {"«"»" •"«■""♦• •■•!«""(■-•)"}'• 

Hanuu foratQlarum ope fomuilae l), 4)^ 5) iu aeqiwates abenut: 

"""■(■^. x)=y -^ ■■!««. ■«■m(u+4«)iinMi(u+8.) ani(ii+4(ii— 1)«) 

co..iii(-^. x) = yit^ra.a.ii(»..«(.+4«)c«m(ii+8.)....c«»i. (»+4(11-1)») 
AuB (~. *■) = m/~&uiuaHi(u+4«)aMn(ii+S«) .... A m (n+4(ii— 1)«). 



IS) 



«) 

14) 

uQcle etiam 

15) 



"« ■"('S'' *)~ V -;'-'«•"'"«"»("+*")'«■"("+'")■••■'«""("+•''"-''")• 



Aliud ila iuveuitur formularuiu systema. Ex aetjtuttione 4) setjttitnr: 

. = i«ii am S « MB un 4 « . . . . Hu am fn — 1) «J , 

M'k» I ; 



uude: 



_ , /u .\ . TT >i n'.mtp« kM TT 

'-""""( M ' 7~M 11 I_k'.'.in'.m2,« '^~r~'ll~ 



° ='n(.'---."«p")--jir "■■"(^' #(■■- kTHrl^ntji)- 

Kadices haius aequatioui& u" orditus aunt: 

( = iiii«inu, lia un (u + 4w), lia im (u-|-8«), ..... Mnam'(u-|-4 (o — 1) ») r 

uode aequatiooem nauciscimur identicaui : 

■n(.--.in-."«,«)-i^.."».(^.^)n(.-- ,,.^.'.„.,. )= 

(._«.«»u)(.-.i.™(„+4.))(.-«i .-(.+«"))...(._«. »i(u+4(n-l)")). 
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Hinc prodit samnia redicam 

Rcxlem modo inTemtur: 

,„ 2«..™("+*i.) = -^^«~"(-^-*) 

18) 2i.n.(«+4,.) = i:^^1".(-^. i) 

19) 2 'B •" (■■+*1«) = YW * "'" ('S'' ^)' 

io qna>u5 formnlis nnmero q tribuuatur Talores 0, 1, 3^ S, . ^. n — 1. Quas formolas 
etiam hnnc in modum repraesentare convenit: 

, (i, i) = ,1. .m >. + 2 {»» ". ("+«1-) + ■!■. m (.-41-)} 

,/i.. l)«co..mn+S{co..».(" + «1.)+">.«i.("-«1.)} • 
n— 1 
<~'^ ' a .m (i. X) = a .n. . + S{4.n.(. + 4l.) + a.in(u_4,.)J 

— pij— Ig .m (.i, x) = ^ ..n u + S {l«.in («+4 i .) + « .m («-4, ,)}, 

ubi numero q trilinuntur valores 1,2, 8 , ... —5 — . lam adacAentor fonnalae ; 

,m.m(o+4,«) + .m.m(.-4,.) . -^ = 

co,»m(u+4i»)+«.,.m(u — 4,..! = 
Aam(u + 4,«) + A.m(u — 4,») = 
lg,m(. + 4,.) + «™(u-4,.) = __j^3^r^;^„,,„r.--. . 



kM 
(-1)" 



t-k' .m 


nm 4 q u .m= >m u 


t co» » 


n 4 q •) coi am u 


i_k'.m 


am 4 q w un* am u 


SAatn44«a*inu 


l_k' «n 


tim 4 q ** «d' am u 


t ^ ■»! 4 q 


.«nunnco.ainn 



*) cf. f. 18 fonnul., 1), t), 1;-, formula poMrfm. e formnlii 10), 30) Ruil, nbi ivpnln*, MM Ig « + Ig d 

™('+Ji 
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quanm ope fonnuUe 16) — 19) in has altennt: 

9a\ ' *" . ... ■ / " ^ ll ^ ^ tc— »i4qtiA«ni4q>nin>ii>a 

' LM "»"»^„ . ^^»"»»"^*^ l-k*«ii'iin4q«Ma*.Dia 

kM \M/ ~*I — k* im* an 4 (| H Ha* un y 

''> -riir-''"(M-'-)-''---^S l-f.in-.m.,..i„-.„n ' 

quae etiam o]jtiuenlur, iibi formalae sopra propositae e melhodis nolis in rracliones 
simpKces resnlvnntDr. 



DE VARUS EIUSDEU ORDINIS TRAKSFORHATIONIBUS. 

TRANSFORHATIONES DUAE REALES, UAIORIS HODDLI IN UINOREM 

ET HINORIS IN HAIOREM. 

34. 

Elemeato m ridimus triltui poiwe valorem quem)il>et schewalis ^ — *^' <Ie- 
signnDtihus m, m' Dumeros integros positiTos ». negaliros, quitnmeii, quoties q ei<t ou- 
mbrus composilQs, Dullum ip.sius n faclorera commuuem halwnr. Farile aulem patet, nlti 
q sit primus ad n , yalores w = -^ — XifLJ — sultstilutioQe.s diTersas noii exhil>ituro.<i 
esse. Hinc uhi ipw n est oumerns primos, valores tdemenli m, qni transforniationei di- 
Temas .suppeflitant, ernut omties: 

K^ j_l^ K + JK' K+tiK K + 3 i K' K + (n — l)iK' 

sive eliam: 

K iK_ K + iK.' I K + i K' g K + i K' (n — l)K + iK' 

aut, si placet: * 
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K±iR' tK±{K- 5 K ± i K' 



quoraiu est DUtnerus u+ 1. Acreapse vidiiiiu^, iii Iraiisfurmatioaibus lerlii et quinti or- 
dinis, supra tamqaam exemplis propo^itis, aetjuatiooes iuter u:=^Jh. et v = ^Jl, (|aas 
Aequatione» Modularea BUDCupabimus , re-sp. atl (jutirtum et sextuni gradum ascemlisse. 
Quoties vero n est unmenta compositoi, isle valile augetur nurarrus; accedaut eiiim ca- 
.sus, (juilms sive m, sive m' sive etiam utenjue faclorem hal>et cqm n comuiuo«n, uiodo 
tie utrisqne m, m' idem coaimuuis sit cuni u. Geueraliler autem valet theorema: 

„ num*rum aubstitulioneni /i" ordinis inter se diveraariuti , quarwif ope tratufor- 

„mare Hceat funcliones elUpticas, aequare summaru factorum ipsiue n, gui ta- 

,,men numerus, quoties nper quadratum dividitur, et substisutio/isa amplectilur 

„ex tranaformatione et mulliplicatione mixtas; adeoque qiutties n iptum est qua- 

jfdratum ipsom multiplicationem." 

Ista igitur factorum suroma desigualut gradum, ad quem pro dato numero n Aequatio Mo- 

dularis asceudet, ubi adnotaudum est, (juoties n sit numcrua quadratus, unam e radicum 

uumero prtebiluram esse k=;X, ac generaliter, quoties ii=:m'v, designante m' i|ua- 

dratum miniraum , per quod numerum n dividere licet , e nnraero radicum fore etiam omDes 

radices Aequationi-s Modularis, (juae ad ipsum v pertinel. 

Inter valoreselementi wsupraproposilos, quicnsu, qno n est primus, cjuem, cum 
ineum reliqui redeant, sive unice sive prae ceteiis considerare couvenif, universam trans- 
foimaKouum copiam snggerunt, duo tantum geueraliter loqueado *) inveniantnr^ (jui trans- 

formationes rcales suppeditaat, ho.s dico • = — , •» = . lllara in sequentibus voca- 

bimns transformationemprtmofn, hauc secundam; modulosque qai hi^ re.spondeut, flesigna- 
bimas reap. per X, X, eorumqae Complementa per X', i^'. Argumenta amplitudinis ~, 
qaae hia modulis respoudent, ( fauctiones integras vocat CL Legendre , ) designaljiaius p(^ 
A> A,, A', A/. Formulae noslrae generales pro hia casil>as eraduut sequentes. 



•) Nam infinilii caubua pro Modulii ipcdalibu* fil, ul par ladicnm iniafiinariinini Aequitionum Mod«]«riaiD 
ubi MqnRle eyadal ideoqtie realf (il. 
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I. 

FORMULAE PilO TBANSf ORMATIONE REALI PRIMA MOOULI k IN MODULUM X. 
X _ 1« |.iiico.in — lincniii— . .in iii.in '""*' " l ' 

~ ~n t K „ Tk ~ (li— 11 Ki ' 



1 . 2K . 4K 


•-""•^^1 


i ■ * " o * " 


...i.™ '"-"■' 



.)= 



!iiL/l_ ""'•""'\/i_ ""•'"" \.. ./i ^'JH^ \ 



/. L. ■ . *l^ ■ , i/, ., ■ , *K . 1 / (n — IIK , . , 

II — k*«n**m — *in*amalll— k'un'ani — un'.mul {t— k'.in'aro i — .in^.niu) 

= ,_„=5^/^.i..m„.n.m(n + !5j...„(n + ^) (n + !i^) 

-"■•"■■(■-:f^,w.-^,\.-(.- .. "•■::.)k ) 

/_n_ \ ^ ^ \ n_/\ p/ \ D / 

Uk't.n*cnam — (in'*inul ...1 l-|['i.u'co*m — ■in*amn) 



"(^-)=V 



—7- A*iiiu|l<k' 






Cl-k'.;n'im — .h.'amiiKl-k',!n*.m — sin'.mul....(l-k*»in'.m5llil!5,Ui'. u^ 

(1 _ ""»mu k/ _ MP»mn ^ / 'in*mu ■^ 



u \ \l l-t->ii.aniu /. , alnamu V/. , «nfiinu v / tinimu \ 

»■'■) V ('+: — nc)('+: — iKV-('+- — i(^^\ 

I tincoim — It i.ncoim f 1 i.nco»in— ^ 1— - I 

/ .T...i.-(^.X) ^ 

V '*"' (tt-") 

;(l_k.in.*.!ii.in.mn)(l_k...n..,!ii.n.m„)...(,- 



g(n_l]K , 



inu)ll-|-ksincaam~5i»nniul . . .1 1+ki.ncoam -■ i iin*mu) 
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( — t}^co*ini — ■■ ^ tm u 



1 — k' HD* ua -^ — *i 






1 — k'Hn' un— ^ — .iD* 



& .m — = — Mn ani ■ co* am u 

W«""(-ff' ^J = 'f"- + «2 , ; . K - 



^. FORMULAE PRO TR ANSFORMATIONE REALI 5ECUNDA, MODULI V IN 
MODULUH K^, SUB FORMA IMAGINARIA. 



M,= {-lp 



1 , liK' . iiic 

liacnm Mncoun . 

1 n n 


n 


l.b.„!iis:.i„„ll£. 

n B 


n 



( iin*ainn \ / «!>*■■■ " \ /, un^im u \ 

--:::!P)(--^)-('--::b) 

\M, '/ / Mn^amn i / ihi'aniii \ / Mn**inn \ 

\ --'"-— /\ -'""—/ \ "-'—7—/ 
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M 



=/p:.™.„.^™(.+ii;^j».-(.+'-i?)....".»(.+i^) 

, .i.-.inu \/. .■»■.»" \ /, "°'""° \ 

(■■n'amu V /, «ln'»mii i / wb*i«u \ 

'--:;-i)(*-;^|-('-.-»i-^') 



-(^■^) 



l/ l.f.ii.». 



•V '+— (^-.) " 
'*^:::j^)i;^z:::wYt-"-^) 

/ l-X,J.-(^.\) 
. + x>.„(^.x.) ° 

/ — - A--^W'--^V-('--S^) 
V "^' ('^£rk)(*^-^)-(*^T;fi^) 



-wS-"""(T!r' •; i ■* 



. » ■ 

.1.. .„ Slzllii!!! - ri.' », . 
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(-vr^K /" ,v , «(-i~ — '''"*"" — ;; — a»» ' ».«.■ 

VTT 'coiMni— -, X l^co»»muH — ' — -i > — ___^ _, ^ 

iin'aHl-! — ; — sm'3inu 



4^-(ir-.)— +^2 



(-i)'i 



Oq-ljilf («,-l)iK' 



(-l)5A« 



--Hi— '"-(«:■ V-"» ■-+'2. — - ,„K' •, .,iK-.. 

PRO TRANSFORMATION 



H. FOKMULAE PR 



ONE REALI SECtJNUA SUB FORMA REALI. 



f *iii »in I — — , k I im atn f — — , k I m im | -^ i — , k 






/l I "-•■"'" \/, . .'■■.■"u y /. .in'»nu >. 

( '.-"(-^.^-^K -■."(^.^■)) {\-..{^4 

„,u(l+.i...,.u...u.(!^-,l.))(l-H.i....„uA..u,(*Ji'..j)...^l+.u..u,„A..u,(<^,. 

(^...,(i,.))(\..„(i£,.)) (^..„(i^,.)) 

a...'u/l-H.i„..u,uA-.,u(.£,l.-)Ul.Hln-.u.uA..,,,(5t\k.)y..|l4,iu..„.A..,.(<:z5Jl,| 



/ iid' am u t / lin' am u v / tiu' am u \ 

(■r7q-.-^)(-;qi|::Tj)---(-,7r(i?-:7)) 
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/ 



|i+...„.^.^(?^,v')yi+»..u<..»('^',i-)V..|.+.i-.™./..»('.^.v')) 



/ 



"(x-'^) 



\/ '^' 



^ /i-i.«(i.i-).i«.-.\(i-a„^', k').i.-.l..(i-i».(<i:S5:.i,).i..»»') 

(i+...(i. .).i.....)(i+.»(H-. .).„...)...(i+..„(!^. .).i„...) 
A.,( '"■;""• .k).i..„,. 



_A_.i.«.(^.x.)=».."..+-fS— - 

^ i ieoiiml-Tpi \l=CO>aina 



„. -,aLi!>£, i,-j+„...„("'';'"^'. k').i.... 
-. ,-„,,..„(!<a^,r)A.„CJ3:Jlii;,k)c. 



kM, 



_a ... (i. x.) = i .«.-.(-ir^s- 

.«...(-i-.v). ,,... + . 2 



,(!!jJii',k)+.o.-.,n(!itili5.'.k-)™-., 

(-„..i„.„(!(aiJ)£,k)A.„. 
■(!aiig, !,■)+„■■ ...( "■■;'"^' ,k),i„.. 

l)«co.«.(i2^,kja»n(.!l!^.k').i...n.co.»,u 
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Id fonnului pro iransformatione printa poittti«n Mt ( — l) * M loco M. Formulas 
nro traiinfbmulione secuuda dupliciter exhibere placDtt, et imb ftnna iDUgitiBria el sab 
forma reali, io ijmbas pneterea loco k «in am -^ , k »in coam — , cel. ubiqiie 

Hcriplum est (7— imiiK' ' * ■" (■— tni)ik-' **'' '^ V^ aicnti redoctio in 

■in am -■■■■ ■ rin to*m ■ 

formani tealem, ope forraularnm $' 19 facile transactum eri. Ubi slgnam ambigwim 4 
positum est , alteram + eligendum est, ubi °~" est numems par, alterum — , ubi — ^ 
est numerus impar; cle signo + contrariutn valet. In snmmis praefixo £ tlesignatis, nu~ 
niero q valores 1 , 2 , S , .... ^^~ tribnewti snnt. 

B fbrmnlis pro IranafomatioDe priaM prt^iMitis patet^ <|aoties u Gat suoce»- 



'(-^■^y- 



nnde obtinemus: 

CoDtra vero videmas in traDsformatione «ecunda, quoties a fiat: 0, K, SK, SK, .. 
sive am n: 0, -j-i «r, -^, . - ., fieriam (-jj-. M «t ^sam =0, ■■j-^-r, -~-y . . 
unde hoc casu: 



Celerum e formulis pra Modulis X, X', X, X' exhilatis elacel, crescenlen, Moda- 
los X, i-[ raptde ad oihilum courergerej ideoque simul Modulos X', X^ proxime acced«« ad 
uoitalem. Itatjue Iransformatioaem Moduli primam dicere conTenit maiorit ia minorcm, 
secnndam minoria in maiorem. 
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DE TRANSFORMATIONIBUS COUrLEMENTARIIS 

S. QUO«ODO E TRANSFORMATIONE MODULI IN MODULUM ALIA 

DEHIVATUR COMPLEMEKTI IN COMPLEMENTUHL 

25. 
In fonnala supra iureuia: 

'""'"('F' **)" V -37-*« »«"'tS »»("+*•*) »«»"'(''+'8*')-..tg »■"("+4(1.-1)») 

pooamus u=:iu', w=iw', ita ut sit w=mK+Ui'iK.'> w'=iu'K' — miK. lam vero 
esl ($. 19) 

^amPii'. k) = »Mn«in{o. k') 
tg.mCni'. X) = iiiB«m(«*. V). 

iiude formulam allt^atam iu setiueulem abire videuius: 

«nim^— , xj = (— l)~^y --^«■«mu'»iD«i.(«+4»')iinw»{u'+8«')....ria»m(ti'-H(''-'»)-'>("»'M- 
Porro iureuimus formula»: 

l" 



M= (_l) 



|a»ntMA iin« w....^ ■m (n — t) mJ* 



itin «m S w liii am 4 ai ... «d ani (a — 1) wj* 

quae e formalis: 

aKn{i». k) = -^ ^, .>, 

•in ccMm [u, k; 

t 

*ia CMm (i u , k) = - 



4.m{u. k') • 



uude eliam Mqiutur; 

tittciwQn. k) __ — ■ — I ilo eoani fu . V) 

«a*m(lu.k) ~ tgamfa, k')a.m(u. k*) .in un (u. k') "' 

in K<juentes abeunt: 

: ^''{tincoamSw^iiDcoam^w' .... sio coam (n — 1) it'j* JMod k'J 

JMkidk'}. 



(aa coini t u t\a coam 4 w' . . . . lin coun (n — 1) w 



ftin am t w' siv am 4 w' .. . . *iii >m (n — 1) wj' 

H 



yGoogk 



His foroiulis comparatis cum iUls, quae traasfoniiatioiu HoduU k in Modalam X in- 
serriuut : 

lin am (— > *■) = l/ -77" iin wn u Mn «n (u+4«) mq am (v+S m) tin an (u+4 (■— !)■) 

\ = k*[NaG«ain2M*incoain4<u «n CMm Cn— 1) vj* 

'^ ( tin coam Z ■» sin coam 4 w . . . . iln cosm (11 — 1) w i' 
t «n am 2 M lia am 4 ai . . . . tin am (n — I) w / ' 

elucet Theorema , ijuotl maximi moiuenti ceuscri debet in Theoria Trans&rmatioois : 

^yQaatcimque de Tratuformatione ModuU k in Modulum X proponi pouint 
,,formulae, eaadam valere, mutato k in k', X in X', h in «':=-:-, M in 

„(-1)"— iM." 

TraDaformationem autem Complemeuti in Complementum, diclo modo e transformatioDe 
proposila deriratam, dicemus Traniformationem CompUmentariam. 

Facile patet, transformalionum realium Moduli k transforraatioaes reales Moduli k' 
complementarias esse, ita tameu nt primae Moduli k secunda Moduli k'j secuudae Moduli 
k prima ModuU k' complementaria sit. Ubi eoim in theoremate modo proposito ponitur 

w= , w=s — ^ — , quod transformetionibus Modoli k primae et secnndae respoodet, 

fit «'=;-?-= — ^ — , »#' = -?-= , qnod transformatiooibus Moduli V respoudet resp. 

secundae et primae. Nec noo, cum cresceote Mo<IaIo ducrescat ComplemenlDm ac Wce 
versfi, transformatio Modoli in Modnlnm ubi est maioris in miuorem, traiufbmiatio Com- 
plementi in Com[d[emeDtam seu transformatio complementaria miDoris in maiorem.esse de- 
bet, Bc vice versfi. Videmus igitur, mntato k in k', abire X in X^, X, in X'. Nec non 
Multiplicator M , trauaformatiooi primae eiusque CMnplemeotariae conununis *) , al>ibit 



*} Hoc gcncnlilar lanlUMi neglacto ligno Taleli Tidimot enim, qnod in altcn tt. «rat M, in GomplcmenUri 

id in Innrformatianc prima loco H poHlmn ail (— I) ■ B 
<v. Hipn), tipii ambigaila* lollitsr, iu ut tnniformationibu ralibu* complcmentarii* omnioo idcm lit Mul 
lipHcalor M. 
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ia M,j qui ad traDsfonnatioDem secuiidam eins(]De complemenlariae perliaet, ar rice rena 
M, in M. Hiac e formQlia snpra iDTentis : 



sequnntnr hae: 



unde proTeDiimt formulae snmmi momenti io hac theoria: 



Hae formnlae genuinnm transformationis propositae charaeterem coostitDunt, unde palet, 
Iwoo iure singulas nos transformationes ad singnlos Dumeros n.relalisse. Adootabo, qno- 
ties n sit numerus compositns = n^o"} e singnlis radicibus realibus Aequationum Modula- 
rinm, seu e singnlis Modulis realiLas, iu quos datum Modulum k per subslitntionem n*' 
ordinis tranaformare liceat, proTenire aeiinationes huiDsmodi: 

A' ■' _K'_ 

A ™~7"* R. ' 

quae siogulis discerptionibns nnmnri n in duos factores respondent. E qaantm igitnr nn- 
mero, qnottes n est iramenis qnadratos, erit etiam haec: 

A' _ K' „^x = fc 
A K * 

quae docet, casn quo n est qnadratam, e namero substitationam esse unam, qnae mal- 
tipIicatioDem snppeditet. 



H t 



yGoogk 



DE TRANSFORMATIONIBUS SUPrLEMENTARIIS AD 
MULTIPLICATIONEM, 

26. 
Rerocemns fbnnulas: 



quiljus huDC in modum scriptis: 



elucet, eodent modo pendere ModiUum X a Modalo k atqtie Modulam k a Modulo X , aive 
eodem modo pendere Modalum k a Moduto X atque Modulum X^ a Modulo k. Jtsuue per 
transfonnatiooem priinani .s. maioris in niiiiorem, qua k in X, transformaliitur X^ in k; 
per tranaformationem secandam seu minoris iu maiorem, (jua k in X,, 1ran.sformaTtitur 
X in k. Itaque pott traruformationem primam adhibita aecunda aeupoat tecundam adhibita 
prima , Modulua k in ae redit , aeu tranajormationea prima et aecunda aucceaaive adhibitae, 
utra ordine placet, Multiplicationem prathent, 

Vocemns M' Multiplicatorem, (jni eotlem modo a X peodet atqne M^ a k; M,' Mul- 
tiplicatorem qut eodem modo a X, pendet atque M a k ; ita nt oktineantur aequationes: 




quamm altera transformatioiii Moduli k iu Modnlum X per transfonuationem primam, al- 
tera transformationi Moduli X in Modulum k per transfbrmationem secundam respoDdel. 
Ex his aeqnatiouilius prorenit : 

i^ ^ d« _ , { u \ 
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Ai ex ae4|iiAii9ue A,^-==-«iifitaudokin)y, i|iiofi^'ie^io A» A, iufc., 4, inlC, M, inM' 

ai»it, oI>linelur K = -^", qufl ae(]aatione cooiparara cum ifla A= — n-> proiremt 

_i_ 
MM' ~ 



7 = n , node : 



Eodem modo ex aetjuatione A=— ^ mutaudokinl,, qualacto K in A,, Xink, A in K, 
M,inM^aLit, prorenitK^ — ^, '(jua aetjnatione comj>arata cum hac A,=:-j^, provenit 
-rpj-7 = n; unde ▼idemus, ddortus iTIis casiltiis po»t Liiias trausforniationes snccessive ad- 
hiliitas multiplicari Argnmeottim per numemm n. 

Ubi poBt transformattouem MoJali k iu Modulom \ Modulus X rorsus in Modnlum k 
transformatuTt ita utMuItiplicatio prorenfat, hanc tFansformationem Itlios aupplementariam 
ad TntUtiplicationpn seq sjmpliciter mppletnfntariam nuhcnpabiinns: 

Appopamns com exempli causa tum in u^nm se(|uenlium formulaa pro tranafbrma- 
tione primae aupplementaria , a. Mb3nli X in Modulum k, quae erit ipsinsX secunda, «as 
tamen sub altera tantum fornjia imaginaria, cum rednctio ad realem in promtu sil. Quas 
confestim ol>tiuenHU formolas, i4>i iu ii», quae snpra de traiuformalione Moduli k secnnda 
propositae sunt, (r. tab. II. A- §-24) loco k pouimus X, k Io(M) X, ^ loco u, M'=-j^ 
loco M^ nnde -j^-snu loco-j^. rn kis fonnoUs, sed in his tantum, Modulus X rale- 
bit, nisi dtserte adiectos sit Mbdulns k ; ceterum brevitatis causaposilum j=sinaml-^, Xt; 
nnmero (j , nt snpra , trihnendi sunt valores : 1 , S , S , . . . , •—= — . — 
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FORHULAE PRO TRANSFORaATIONE HODULI X IN HODULUHI t, 
SEU fRIMAE SIirFLEUENTARIA. 

27. 



(— l)iA'|« 



i . 2iA' . 4iA' 


{D-l)iA' 




iiA' . *iA' 

iin am »a un . . 

n n 


..«n.n.<"-»^'^' 



cos *in (d a , k} = 



_('-:::fiz)f-^)-f--::J^) 

/Jt' . ■ . /u 4iA'i . /u 8iA'\ /u .«{n_I)iA'V 

■^■^'('-.n.-^^)('-.i.-«IItH)'('-.i.-^"-'"^') 

J--:f3z)('--a^)-('-i::^)^ 
= /r^"""-^— (^+'-^)--(^+'-^')— (^+^^^) 

''1 ain^coaB II iin^cMni 1 1 la' COTig I 

"V ifr^-ir'"(ir+— )''"(M+-r)-'--(^«+-V-) 
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/ 



l-.m.ni(..,t) flEL V n /\ II / . \ "■■»— ^ / 

::-VT) /T^ ('-i:i-)('-i3)-('-^;:::fei-) 

^ ^.^ — jy .ac^ — J ^ ..«>.»< ;; f 

^ («q-l)iA' ^^^ (t,_|)iA' 



l+ldn.m(i>ii, k) V 1+ir' 



knM knM "* 



LnH l" iknM 



, , («,-l)iA' 

'* ■" „ rr 






i...„2l^'_, 

(-««^.mi^ 



nM ^j: 



JniA' .,, «qiA' . , 
n ^ _ &* Mi wn .m n 



Theorcma aoalytictiin generale, traDdformatiooem iltam primae sapplementariam 
coDCeroeDs, iam iiiitio meosis Augasti a. 1827 cum Cl. LegeDdre conunnnicari, cuius 
etiaoi ille in Nota supra ciuta (Nora Astr. a. 1827. uo. 180) mentiouem iniicere voluit. 
Siniile formulamm systema pro traDsformatione altera secundae sapplemeutaria s. transfor- 
matione Moduli X, in Modulum lc stabiliri potuisset. Quae omnia ut dilacidiora fiaol, ad- 
ieota takola formulas faDdamentales pro tranafbnuatioDibus prima et secuoda earum com- 
plementariis et supplemeutariis conipectni ejcponere placuit. 
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Nec non e naiuero traQsforniatioDum iroagiDariarum una quaeque i>nam habet sup- 
plementariam ad MuUipIicotionem. Supponamus, qmxl licet, nnmeros m^ m' §. 20 tocto- 
rem communem non habere: sitporrom/tf' — ;um'=l^ ilesignantibas |U, ^' mmieros iute- 
gros positiros s. oegatiyos. lam si in fornralis noBtris geoeralibus de transformatione pro- 
positis §. 20 sqq. ponitur w = ^ J^ ' — , ac k et 1. iuter se commntantur} formulas ob- 
tines, quae ad supplemeatarinm transformatiouis pertiueiit. Posilo m=l, m'=o, fil 

t*=:Of (u' = l, unde ~ — ~-! — = -^-j^ = , (]uoil primae «upplemeutariam prae- 

bet, nti vidimus. 



FORMULAE ANALYTICAE GENERALES rflO MDLTirLICATlONE 
FUNCTIONUM ELLIPTICARUM. 

28. 

E binis TransformalioDibus Supplenientariis compoiiere lici>t ipas pro Multiplt- 
catione formnlas, s. formulas, quibus fuoctiones ellipticae Argumentinu per fuuctiooes 
liplicas Argumenti u exprimuntur. Quod nt exemplo demonstretur , Multiplicatio- 
nem e transfbmiatione prima ciusque supplemenlaria componamus. 9*>B"< ^^ fineni rt- 
vocetur fbrmula: 

...„(^,.)=<_.^/41..„.,..,(.^iiL,.,..„(„^^).......(.+i<^K^, 

qaam etiam hunc in modum reprarsentare licet: 



elli 



desiguante m numeroa 0, +1, +2, . . ., +_ - . In hac formnlft loco q ponaroiu 
u-i — ^l-i— , nnde -^ abit in -^H '■ — =-^-| — — : prodit 
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I.mnl.iet ip>lm'lrib<iaDtiir»alore>0, +1, +J, ••, ±-^, ila ut utri>que m , m' 
isti coDTeniant Talores, faclo producto ohtinenius: 

!=£„ / . «m'iA' v / V" rr • 1 . tniK+«»'iK' \ 

(_.-n™"(T+-T— ^)=V — n""-("+ — ; — }■■ 

iilji in allero produclo niunero m', in allero ulri(|ue m, m' Talores 0, +1, ±i, • •, 



At Tidimu« §° praecedenle, esse: 

/^ t'\. 1" . •''^'l • /"j."''''^ • /■ . 4(.-l)iA' | I.. ,, 

-"■~(m)"""'(m + —)"-"(m + — )■••"" ■"•(m+—^)»"°''' 

quam ita qaoqne reproeseBtare licel fonnnlam: 

— n"««"^M-+ — i — • ^)' 

unde iam: 

S=! /TT^ TT / «iiiK+tn.'iK' i 

1) .■■.m»u = c-i) ■ y k"-»n«"«»(''+ ^ )■ 

Eodem modo inTenitnr: 



«) co..m»«=y (-^) nc«.-.(«+ — ) 

// 1 i"»-' _ / JinK + «m'iK' \ 

s, A.„..=-V(-^) n'^-^{-+'-^ — )• 

Quae (acile etiam in lianc formam re<ligunlor formnloe: 

' ~ «lirK+«n .'iK' I 



tmk + « n/lK^ 
«n'c(»tn ' 



n«n cosui — 
; «mK + «m'i 
l — V »in' im — 
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n 






(,)ui|jas addere placet sequeutes: 



SniK+Sm' 


;k' 


" 




SmK-l-Cm 


■iK' 


n 




SmK+Sm' 


iK' 



TT , SmK+*m'iK' / k' \ ' 
8) 11".' »m T = ^_j 

Iii sex tbnnulis postremia numero m valores (autum poaitiFi 0, 1, 2, S, ..., — — 
conTeniunl , ita tamen ul {{uoties m = et ipsi m' valores tantum positivi 1 , 2 , S , . . . , 
°~ tribuantur. Et has et alias pro Multiplicatioue formulas iam prios Cl. jlbet niutatis 
inutandis proposuit, unde nobis breviores esse licuit. 

DE AEpUATIONUM MODULARIUM AFFECTIBUS. 
29. 

<,)uia eodem modo X a k atcjue k a X, nec non X^ & W, k' a X'pendel; patet, ulji 

.«ecundnm eandem legem Modulomm scolas condas, ijui in se invicem transformari pos- 

sunt, alteram Modulum k, alieram Complementum eins k' conlioenlem, in iia termiDos 

fore eodera ordiiie se excipieiites : 

, X. k. \. ... 

.... Jj. V, X' 

Id quocl in transformationibus secundi et tertii onliiiia iam prius a Cl. Legeudre oljserva- 
tum et facto calculo confirmatum est. Simitia cum de omnibus Modulis traDsformalis el 
iniaginariis valeant, pateti desiguanle X Modulum trausfbrmatum ((uemlibet, aequatio- 
nes aigebraicas inter k et X , seu inter u = ^k et v =z JOl , quas jie^uatioaea Modulartt 
nuncnparimns, immutatas manere. 
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1) ubi k «t X iQler ae commutentor, 

2) ubi k' loco k, X' loco X pooatui-. 

Alterum iam snpra iu aequatioDibiuModnlaribus, quae ad traasformationes tertii u I qiiinti 
ordinis pertineDt: 

1) u« — v« + 1 B » (1 — u' *') = 

f) u«_T« + 5y'Y'("* — ''^ + tuvCl-"* V)=0 
obserraTimus; eiusque observatioDis ope expressiooe^ aJgebraicas pro trausformaliouibu.s 
suppleDientariis exhibaimus. Ut altenim quoque his exemplis probetur , sequationes iilai« 
in alias traDsformemDs iDterkk=u* et XX = v', qaod dod siDe calculo prolixo fit. Quo 
sulHlucto obtiDentar aequationes: 

i) (k' — J,')* = U8k'>.'(l — fc')(l — X')C! — k'— A.'4.«k'r) 
i) (k' — k'f = 511k*A*(l — k'}{l — V) ^L—W+Vk^—L^k*^. 

si(|uidem in secuuda poDitur: 

t = m — 19* X' + 78 X' — 7 X» 
L' = 19S + 851 X' — «S X» — 78 X» 
L' = 78 + «S X' — 158 >.♦ — 19« X» 
1""= 7_ 78X'_19«X« — «8X*. 

Quae in formam molto commodiorem abeaDt aequatioDos, introductis quanlitatibu» 
q = t — 3k% ]=:1 — i X'. Qno facto aequatioues propoaitae evadunt: 

1) (<|-l)«= 64(l-«|<|)(l-il){8+ql) 

2) (q-l)* = J56(l-qsSa-"){>6'i"(9-9')'+9(«-ll)(l-l)'} 

= «56(l_„)(l-ll){405(»,q + ll) + 486ql-»qJCq9+ll)-t70q,il + 16q'l'}. 

Quae aequalioue», ubik'locok, X' loco X pooitur, uude q in — q, Jid' — I abit, tniinu- 

talae maoeDt; id quod demoi)sti'aDdum erat. 

CoroUarium. Qoia Aequatloues Modularea ioter q=l — 2k'et I=i — 2X' 
propositas formam satis coDunodam induere ridimus, inlereiue potest, et ipses funcliouta 
K , K' secuDdam quantitatem q evolrere. Qupd dod iaelcgauter fit per scne» : 

l ^Ta^ 2.4.6.8 ^ «,4.6.8.10.12 "T • ) 

« / q S.S.q' 9.9.7.7.q' S.S.7.7. 11. ll.g' \ 

ij" [■«" "*" «.4.6 "*" «.4.6.8.10 "*" 2.4.6.8.10.12.14 *** / 

1 2 
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K-«j(. + X 


+ 


2.4.6. 


5.5.9.9.q-. 
8 ^ 1.4.6.8.10.1« 


■■) 










+ ^(1 


+ 


S.S.q' 

S.4.6 


5.3.7.7.,. 
^ «.4.6.8.10 ^ 


3.5.7 
2.4.6 


7.11 
S.IO 


11 


1' 

14 


uLi 


lirevilatifl 


caana positum 

r- 


e»t 


d9_ 













y 1 — — «n *' 



30. I 

Faciliori negolio pro transformatioue tertii ordiDis aequatiouein : 

u*_v«+2ti.{l_u'0= I 

ita trausformare licet, at correlatio illa iuter Modolos et Complementa eluceat. Ohtine- 
mu» eoim ex illa: 

(1 _ u') (1 + »«) = I - o« ,• + 8 u V (1 _ «' »•) = (1 - -' ir^Xl + u -.f 
(1 + .,«) {1 _ *•) = 1 _ a« v« _ « « , (l - n' »•) = (!_ u' v") (1 _ » t;*. 

quibas iu se daclis aequationilias protUt : 

(i_u')Ct-,«) = (l-u','j<. 

lam s\X: 

1 _ n- = k' k' = u" 
1_t' = VV-» »'•, 

extractis radiciLus fil: 

u''t'' =. l_u't'. 

siv« 

u' ,» + u'- V* =c /Vr+ /V)r= 1 , 

<|uani ipsani elegantissimam formulam iam Cl. Legendre exfailtuil. Neqae inelej^anter illa 
per forqiulas no.^ilras analyticas prol>atur. Quippe e quibus casu n = S ^ail : 

X = k< •)>« cou> 4 N i V = . ''* — . 
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unde: 

y kX = k' iin' <omm 4 •» = — — 

unde.cam sit: 

k' k' -t- k i cot* im 4 M = 1 — k b Mii> am 4 *i = A* aot 4 w , 

ol)linemu8, qaod demoQstrandttiii erat: 

/"kx+ /VjT— i. 

Ut exemplo secuodo sunpUciorein iDter u, ▼, n', v' emam aeqaationera, ita ago. 
AetjuatioDem propositam: 

"'-'•+ 5 «M' («'—»') + 4 B Y (1 - u« I*) « 
exhiiieo, nt sequitur: 

(ti' — 0('«* + 6'«'»' + »*) + *» »{! — «»*'•) = 0. 
<|uam facile patet induere pesse formas duas saqiieDtM: 

(u' _,■) (n + v>* = _ 4 n ,^(1 -"*){» + T») 
{u« - ,') (u - T)« «= - 4 u T (1 + «•) (1 ~ T') . 

quihos in se dactis aequationibus pfodit: 

(u* - ,'^ = 16 «• T* (1 _ .•) (I — V*} » 16 u» *• •'• ^* . 

f,)uiasimul, ut supra probatnm est, u' in a'', ▼'iu V*abit,'ol^iaemus etiam: 

( V -«")• = 16 u" »" a — «'•) (1 - v'*) = 16 u' t" u" V' . 

Hinc facta diTisione et extractis radicibus, eruitur: 

u' — T« u'v' 

siTC 

V^ (y\ - VK = V^<v>'' - v^") - ■ . 
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31. 
Alia adhuc aequationum Modularium 

n« — v« + t tt T (l — u' vT = 

■- _ ,• + 5 u' »' f' - T») + 4 11 . (I _ uM'J = 

insigui-s proprietas vel ipso intuita inrenitur, viz. inimutatas eas maoere, siquiflem loco 
u r ponatur — , — - Quod ut generaliter de aeqt^t^onibu» ModHlariliu& dcmoustretur, 
adnolentur sequentia , quae ad aliaa etiam qvaestion^ mui e^e posuunt. 

Uiii pouitur y = k x , obtinetur : 

dy kd» ,... , , ; 1.; .. 



unde cum sinml x = , y = : 

r' ■"■ => r' ■■« — ^ : . 
•//('-^)(-4) ^ /('-)(--) 

IJinc posito ^ 

//('-)('—)""'*" 

/TmW"' 

unde X = «n am (u , k) , y = »in ani /k u , -p j . Hinc proveuit aequalio : 

un am |ku, — -j s k )Id ani Cu, ().' bnde etiaui ' ' ' 
eoom |ku, _-| se & ani (a, k) 
& ,m (ku,-i.) = co.««(u. k) 
lg«.(ku.^) = ^«..e«.m(a. kj 
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.(-.x) = 



.J-=it'4 






FoiTO pOHeado i u loeo o, ciaift Con^emflotuin Moduli ^ ^' IT' °***'"*°*'*s adiumento 
fonuularum §' 19: ' ■ ' ■ ': 

(inain (liu, — r— ) = "" <*»■" ("• ^i 

cMun Ha, — 7— j = tin coam (u, k*) 

tg sm Iku, — r— ) = colgcoani (u, k") 
im coain |ku, — r— ) = «•* "•" ("• ^'J 
coicoaoi |ku, — — — j = t[iiui(u, k') 

ico.m (ku.-^j = _j^ . 

4 coun (ku, -!l.j = eolg«m (u, k'j. 

lam iQresUgemus , qaaenam evadant K , K' seu org. am i~ , kj , arg. am (-j- , k'j , si- 
quidem loco k ponitui' -^; seu inTestigemus valorom expressionum arg. am (-5-, — j, 
arg. am^-^, ~|, qttae expresaiones e notatione a CI. ^jegendre adhibita fojrent F ^— ^, 
F*(-V-). Fit autem primum: 



"^^•^^°//RFI) ^//(-•)(-^) "•/vra^ 
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7f 

Posito y = kx, fit 



Ut alteram eniator inlemle j '' pODamiu y =/"l— k'k'x', onile 

■•//('-'•)(-i^) 
^y — 1:''^' .. ■ . lam qnia x inde a aaque ad 1 onsdt , si- 

/(.-.)(&-.) /(-'■)('-"■-) 

mul atque y inde a 1 usqae k decrescit, obtiuemus: 

y/MFl) •//('-■)(^-') «//('-)('-"■-) 

Hincproditarg.am(-^, -^) = k (arg. am (-J- , k)-^i arg. am(-^ , k')} = k{K-|-iR'}, 
sive ul>i k in -T- motatur, abil K in k JK -4- iK'|. 
Fosito secundo loco y = cos(Ji, fit: 

fl JI ^^pl-M. ,tK'. »„d.: 

•//('-'•)('+-wr'') -(V'-'''''''"''" 

.rg. .„(i, -^) = k .rg. ™(f . k') = k K'. 

sea ubi k in ^ mutatar, abit K' in k K'. 

OeneraUter igitur molato k in -i- abit m K -H i m' K' io k{mK-l-(m^-m')iKJ, 
a,de sin coam ■"■""+- '■^ , k in aio coam V ^ '-, -j- , id q.od e for- 



I sin coam 



(-.i) 



eoim (u , k) 
k'p(BiK + ( m + m')1K') J^j 



p(mK+(m+m^)iK'). 
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- 78 

■nKtf.(tn + m')iK' 



= M, , e3(pres!iio 



k s k*|>id coam K««m •Min4 w mii comb € n . . . . tiit cMm (n— IJ «t'*> 

mutato k in — iD haiic aliit: 

__^ I _t_ 

k^luD coam t «t, tin eotm 4 «^ lin coini 6 u . . . lia coam (n — 1) ntt* ' M 

uki |u et ip»a est radix. aequalloais Modularis, ifeu e Modulomm oumero, in tjuos per 

trans&rinalioiiem u" nrdi^is Modulum propoAitum k traoKforotan licet. Namque e raJo- 

ribas, qnos w ioduere polest, ut prodeat Modulus tranefoniiatus, erit atiain iUe w^ . UQde 

iam cau^ palet, cur geoeraliler Ae^uptiooes Modul^res mutato k in -r*, «^ io — iminu- 

tatae manere delieaot. 

AdDOlabo adbuc, ubi secuodum eandem transformatiouis legem qnampiam simul 

transformator k in k*"', X in X^"", quoties k^' loco k ponator, etiaip X in X'"' abire; 

aode aeqnationes Modukres ubi simul k in k''"'^ X in X'™^ mutatur, immntaUie manere de- 

lient. Ita ^x. g. aeqiiaAio /^kx -t- /^k' X' == 1 , qu/ie esl pro traosformatiDne tertii ordi- 

nis immutata manere debet, ubilocok, X resp. ponitur -t^tt-, ~ . -, unde loco k', X' 

»/T a/V" 
pooetur ■■ ■ .. ■, ■ , ■ , id quod per transformationem secuadi ordinis fieri notom est. 

f,toippe aequatio vk X + /^k' X' = 1 in hanc abit : 

(H-k')(l+;.') ^ /^Tfm+W ~ ' 

sV*K^= /"(T+kT^I+XT- /ii-k-jti-^'). 
Qua io se ipsa ducla prodil: 

4/~kT"= a(t + k'X') — *k>., «te k>.=-l + k>'_-»/"k^ 

(|uae extractis radicibos in propositam redit: 

/kT = 1 — /'yTT livc /tr+ /"vr"= I . 
Quod exemplum iam a Cl. Legendre propositum e$t. Gen^raliter anlem de composilione 
transfomtationnm probari potest, transforn^tioaibus duabus aut pliinbus succeasive adhi- 
l>itis, ad eandem perreniri, quocuuque illae adhibeaatur ordjne. , < : . , , 



/i 
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{«4^--^^}+"-»-'!«^ 



74 

32. 

At iuter afirectii& Aeqaaliounin Motlutariain id maxime memoraljile ac siagulare milii 
videor aiiimadvertere, quod ddem omnea Aequationi Differeatiali Tertii Ordime aatiefaciani. 
Cnins tamen investigatio paullo loagins repetenda erit. 

Sstis notum est *), posito a K + 1> K' = Q, fore: 

designantibas a, b Constantes qnaalibet. Ita etiamposilo a'KH-b'K'=Q', de«lgnanli]>ns 
a', b' alias Constantes quasUbet, erit 

'"-'■' TP- + "-"'■' lf = "''- 
Quibns combiDatis aequationibus, obtinetnr: 

unde inl«>gratiooe fecta: 

'<-'■> {q 4f - "■ 4?-} = <-■-■'>'<■-'•) {- -^ - -■^} - .■^■-■« c 

Constans C a Cl. Legendre e casu speciali inventa est = — -^, utide iam 



erit posito « A -4- |9 A' = L , 



Sit X Modnlus in quem k per transformatioaem primam n** -ordiuis transronDatnr; sit 
porroQ = K, 0* = ^', L = A, L' = A'i erit: 

L' A' aK bQ' 

I, ^™ A " K "* Q ' 





Q 


■^-•^ 


n =- 


Ki-ll 




i 


Q' 
Q 


-i-«!>b'- 


.'bjdli 




k(l-l1QQ 


Simililer 


desigoante 


X alinm 


Modalnm 




mA-t-g 


A' = L', 










j 


t' ~ 


-i-«(«/i'-"'(!)Jl 



«) Ct Lcgndn Tnil^ da F. E. Tom. I. Cap. XIII. 
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u&de 

ndlt _ dX 

ka—kTKK xa— V,AA * 

laveuimus autein pro ea traodbnnatione A = — t^- , uode iam : 

In traDsformatione secunda ridimas e«e — x~ = g — , A, = -«— , nude : 

dfc Bdx, 

k{l— l^^KK "^ \a— OA.A, ' 

uD(1e et hic: 

t \(!-Odk 

"•"•=T'-k{r^:kvnr' 

Generaliter autem, qoicunqae »it Modulus X, sive realis sive imagiuarius, iu qa«ii. per 
transformationem n" ordinis transformari potest Modulus propositus k, ralebit aeqnatio: 

MM- ' fcg-fc')''^ 
""-T-Tcnnvr- 

Quod at probetnr, adnotalK) goieraliter obtineri ae<joationes formae ; 

■'K' + ib'K 



«'A' + iliA > 



designantibus a , a', « , a nnmeros impares , b , b', $, ^ numeros parea , utrosqne positivos 
Tel DegatiTos eiusmodi , ut sit aa' + bb'=: 1, ««' + j3j3'=s 1 *). Hincposito: 

a K + ■ b K' ac: Q. a' K' •!• i b' K s Q' 
«A + i0A's::I,, «'A' + iflrA*= L', 

obtinemus, quia aa' + bb'= 1, ««'+j8|3'=l: 

Q* — «irdk L' ^ifdX « 

Q — U(l — k*)QQ ' L " «X{1— X^^LL ' 



*) Accuratior aumerorvm a, ■', b, b* cet- cel. detenniiiatio pro Aa^tt ■ 

Tibo* laborare di0icullatibai vid«lmr. Ivno haec detenniiialia, niii egregic hHimur, maaiine a linritibu* pcn- 
dcl, inter qnoi Modulu* k TcruUir, !(■ ut pro limitibu* diTerai* plane aBa e<wdat. Id quod qMa» inlricateDi 
rtddat qnaettioneni , eipertui copioicel. Ante omDia anlcni accuratiua in naturam Modulortim iBngiBanvrunTv 
inqaireiutuni cHe «idetar, qoac adbuc tota iacet quacflio, 

K s 
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unde cam sit : -rr- = -7— , L = 

1 \(l—k^dV 



MM = 



kCl — k')dX ' 

Adiiotabo adhuc, aeqaalionem inrentam ita quoque exhiberi posse: 
HH = — 



A'(i— x^jd^k*) 1 ?:'(i—k"}d(y*) 



k'(l-k')d(X') n ■ kUl-k^^^dCX") ■ 

uiifle videnius, expressioDem MM ooa mutari, ubi loco k, Jk, Complementa ponuntur k', X', 
sire (|uod supra demonstraTimus, transformationilras complemeotariis, signi ratione nou 
haliita, eundem «sse multiplicatorem M. Porro mutando k in %., Xink, quo facto trans- 
formatio in supplementarlam abit, mutatur MM in 
1 fc(l — k')d>. 



D X(l— V)dk udMM ' nM ' 

tjuod et ipsiun sapra prohatum est. 

33. 

Fosito Q = aK + bK', L = «A + i3a', Constantes a, b, a, |8 ita semper deter- 






■ kQ = 



d'L dL 

(juas etiam haoc ia modum reptaesentare licet: 
(t-t')dQ 

.IQ = 





dk 




dk 




(X-X-^dL 


*1 4- 


dx 



Sabstituanins in aeqaatione: 



,v_»,4«. + „-ni4^--iQ_. 
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■• h"> TF- + "-"■•> 4?- -'■»■}+ -^ h-"-)-^ + »-»■'«} + c-")"^ = "• 



Q = ML, pnxlit: 

qna per M miiltipUcata, obtiDemus: 

S) IM {(k-k.) -^ + (.-»n ^ _ IMJ +'d . 

At e §** aotecedeQte fit: 

M-=4zi2iJ|-, „„de. 



(k — V)WiL 



ii(k— k')dA. • dk 

FoFTO ex aeqaatioDe 4) fit: 

d {'"-*;""• } = xl,d>. ..rfe 

(k— k^jftFdL (X— X')dL 

dV ^ - dX 



HiDC aeqaatio S) dirisa per L m hanc abit: 



Ubi io hac aeqoatiooe ralor ipsiua M ex aeqoatioDe M* ^ -^-r — . , . sub»litDitar, ob- 
tioetar aequalio difiPereDtialis iDter ipsos Modulos k , X , quam faci)e patet a<l ordinem ter- 
tiom ascendere. Facto calculo paallo molesto ioTeDitar: 
„ 8d*x' tdx d-x. . dx* //i+k'i* /i+xv dx'i 

In hac aequatioDe dk ut differeatiale coDstaos coosideratum est. Quam nbi iu aliaK traiu- 
formare placet, io qua difiereutiale Dnllam constaus posittim est , poDendum erit : 

d'X d'X dXd*k 



unde: 



d*X 


«d^Xd^k dXd>k SdXd*k' 




1v~ 


dk« dk* ' dk. 




SdX 


d<x Sd'x* sdx*d'k' sdx'd<k 


tdXd>X 


dk 


" dk' dk« dk« ' dk' 


dfc' 
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Hinc aequatio 7) multiplicata per dk* in. gequeatem abit, io qua iliffefeutiale nullum 
coDstans ponitam est, vel in qna nt tale, qnodcDnque placet, coDsiderari potest: 

i) j{jl'a'l'— dJ,'iPk"[ — !ilkdx|dkd<>.— dXd>k| + dk'dX'/^±iYdk' — fti^Yd vj = 0. 

Hanc patet, eltmeotis k et X inter se commntatis, immutatam manere aeqnationem, id 
quod supra de Aequationibus ModuIaril)ua probavimns. 

Operac pretium est, alia adhuc methodo aequationem iUam diflerentialem lenii 
ordinis inrestigare. t^nem in £uem introducamus in aeqnationem, node proiiciscimnr: 

(k-k') 4^ + (l-Skl^f- - kQ = 

quantitatem (k — k*)QQ = s, Fit 

^ = (l-Sk-) QQ + « (k-k') Q 15. 

^ = _6kQQ + id-SklQdQ + J(k_k>)(i^y+ «(k_k') Q -^. 
Qaa in aequatione nbi ponitur: 

(k-k>)-^ = kQ-(l-»k')^. prodit 
J^ = -»kQQ+.(i_Sk')Qia + ,(k_k.)(4^)' 

= il5.|(i_Bk') Q + (k-k>)i5.j _ 4kQQ. 

Qoa aequatione ducta in 2s = 2(k — k')QQ, obtioetur: 

i|£i = l(k_k>)Q ^^.{.(i.Sk^jQQ + «(k_k')Ql2.| _ «k-^l-k-^Q". 

sire cnm sit: 

«*-'■"' 4r = TT - »-"'"»'» 

«(l_Sk') QQ + J(k-k') Q 12. = ii- + (l^Sk-) QQ, 
obtinemns : 

.^^ =(4j-)'- (l-»kVQ'-»k'(l-k')Q' = (If )'- (l+k.j^Q-. sen 
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lam vero posilo a'K -|-b'K'=:Q', -^ = t, ridinms esse -rr- = a_^.Q ' g - = ——i 



desiguante m ConstaQteiHi UDtle a = ■■ -— . Aetjaatioiiein 9) ia aUam trausformemus, 

dtdk* 



, „ . Ai ind*k d'* ndik md'k* .. 

iB qua dt constaus positum esL Ent -p- = -j-tt-, TlT = -572^' ~ "dTdkT ' *i"''^"' 



solistitatis ex aeqaatloae 9) prodit: 

2d<k 8d'k* /1 + k'i» dk* 

7iNnr--d?dF + (k3rj-d7=*'' «^*» 

10) *d'kdk-5d'k' + (^i±^rdk« = oi 

ubi secundam t, quod ex aequatione erasit, differeutiaudum est. 

Ponmdo ■ *' ' ■ v '- . ■ .. ■ = w, Constantea «, j8, «', 5', uuolies X est Modulaa trans- 
formatns, ita determinari poterunt, ut sit t = w; nec non suuili modo obtinemus: 

11) td'XdX — Sd'X* + [1^^ dM 3=0, 

in qua aequatione et ipsa secundam w = t differentiandum erit. Multlplicetur ae<|uatio 
10) per d\', aeqnatio 11 ) per dk*: subtractioue facla obtiiietur: 

iXi tdkdx|dA.d'k — dkd'x| — »/dX»d'k' — dk'd'X'l + dl'dA^V^^^l'dk'— ^Lt^^j'dX*| = 0. 

At haec aequatio cum aequatlone 8) coQTenit, in tjua scimus, differeotiale quodcunque 
plaoeat tamquam constans coosiderari posse, ideoque etsi ioTeDta sit snppositione facla, 
dt esae differentiale coostans, ralebit etiam, quodcunque allud ut tale consideratur. 

Ecce igitnr aeqaationem differentialem tertii ordinis, qoae innumeras babet sc^- 
tiones algebraicas, particulares tamen, riz. Aecjuationes quas diximus Modnlares. At In- 
te^ale completum a functionibus dlipticis pendet; qiHppe quod est t = «, sire - '^^ . ^^ 
■ — . * . fl .) -» qnam ita etiam repraesentare licet aeqoationem : 

w K A + m'K'A' + m^K A' + m^K^A s: O, 

designantlbns m , m', m", m*" Constantes Arbilrarias. Qoam integrationem altissimae itt- 
daginis esse censemus. 
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luqtiirere posseinus, an AeqnatioDes Modnlares pro traBS&rmatioDibus tcrtii el 
quinti ordiais reapse, quod debent, aequatiooi nostrae differentiali tertii ordinis satis- 
faciaat. Quod vero cum niniis prolixos calculos sibi poscere videatur , idem de transfor- 



(xinsideretor dk' ot coiutans, fit: 



l+k' 


1 + 


l+k' 


H + i-k' = 1 


— 2 

(l+l? 






dk — k' 
dk' k 


4 
Cl + l')' 






d't -1 
dk'- = k 


(l+l')< 






du ■ Sk' 
d y f 



dVd*k'—i\'A'V 



4{k'k"-{i+kr| 4{k''{i-k'j'-i} 



k«(i + k'/ l'{4+k'r 

Porro obtinetur: 

dkJ'X— dJ.d'k _ l»k' __6k' 6k'{8{l-ky+l } 

dk'« ~ k(i+k'j' "•" fc'(i+k'j''" k'{i-k'?~"^ 

dkdA{dkd'>. — dAd^k} Itk'"{«{t— k')'— l} 



unde 
P«n-o fit 



3{dk'd'V— dX'd'k'} — tdk d>.{dkd'J.— dJ.d'k} 12^k''-l) 

dk'* ~ k"{i+i.'j4 



/i+k'»'dk' ^ {i+k y 
U-W dk^~a+ky u-k'/ V «k' / "^ k^k* • 

f l + k' )'dk' ( l+>.' .'dX' B(l-^k") :- . - ■ 
|i-k'/ dk'' ix— W dX'' ~ k'k" 

dk'd>.' (/ 1+k' t' dk' ^ / 1+;l' V dX' 1 _ l»(l— >k") 

dk'« Uk — kV dV" U— XV dX''l kVl+Vj» 
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Hinc tandon fit, qnod debet: 

Sljli^fX' — dX^fk') — «dk.l>,{jhJ'A. — dXd'fc| 

dk'* 

■*" dk'» (U— w dk^ \K~*.>) dk"/^ k«a+ky ■** k»ci+k')« ""• 

Uiii methodi expeditae in protntu essent, si quas aeqoatio difiereutialis solationes alge- 
braicas habet, eas ernendi omnes: e sola aequatione differentiaU a doIjis proposita Aequa- 
tiones Modulares, quae singulos transformationum ordioes spectant, elicere possemns omnes. 
Quam tamen maferiem ardnam qni attigerit, praeter CI. Condorcet, scio nerainen, atten> 
tione Analystamm digDam. 

34. 

Aeqnatio supra inrenta: 

""- V k(i-kk) --dT' ■ . . 

cuius ope ex Aeqnatione Modiilari inrenta statim etiam quantitatem M determinare licet 
digna esse virletur, cui adhuc paulisper iramoremur. Non patet primo aspectu, quomodo 
Talores quantitatis M in transformationibns tertii et quinti ordiois inrenti cnm aequatione 
illa conTeniant. Quod igilur accuratius examinemus. '._''. ' 

a) In transformatione tert» ordinis , po8itou = VK, T=:VT~iDTeniDiiU: ' ' 
1) u*— T* + Sn v(l — u'v') = 0, 
quam ila quoque exhibuimus aeqnationem $. 16: 

Forro fieri vidimus: 

** "= *+au' = 8o • 
Differeiitiata aequatione 1) obtinenius: 
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sive loco 5 posito |-^ ^J 1 — ~ — 1: 



' At *tt' + » 1 + u'v' — »0.* 

Ex aetjaatione i) sequitur': 

l_u» = <l + tt«)[l_,* + Sa>(l-u'v')} 

= 1— u'v«+u«-v*+»uvCl + u«;Cl-u'v' 

= l-«*V+»n'va-u'»*/ = (1-u'v'){1 + u'y'+«u'v). 

Eodem modo inrenitur: 

l-V => (l-tt^Y^Xl+u-v^-guv'). 
uiide 

~' - = . . *',\~,"^ . sive ex aeuuatione i) : 

l— n» l+u'»*+*u»v ^ 

1 — T* dU _ tv'- U 

1_B« ' dv ~ »tt» + V ' 

Qua aeqaatione dacta in 



8tt - (ttt'+v)Clv'-u) 

prodit: 

_l_ tCI-t») dv^^± \(1-AA.) / V V - MM 

S ' u(l— u») ■ dv 9 ■ k(l — kk) ""\v+SuV 

0. D. E. 

b") Id tnusfoniiatione ^utRfi ordinis, positou = r k, v:=vX) inrenimus: 
1) tt«— V + fttt»T*{u'— v*) + 4nv(l-u»T*) = 0, 
quem his etiam modis exlu^bnimus aeqnationem $$. 16. SO : 

tt+y. v-u' ^ 

' u(l + a'v) Td-ttv') 
») (n*— t')» = 16n'v'(l— u')(l — V»). 

Porro inrcaumaa: 
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DifivieDtiata aequatione S), obtioeiniu: 

6uv(l — u»)(l — »*)(tt<lu— tJt) » 
o(u'-T0(»-u*)(l-5f*)dv + T(u*-T')(l-V)a-5u')du, 

UTe: 

5) ,(|-T'){5ii'-«» + T»-«u»t«)do = a(t-ii')(a<'-T"' + u'-5BS»)dT. 

AequatioDe 1) ducta in u*, v% eniilnr: 

5u»— o«> + **— &u'T* = (1— u*»*)(T' + 5tt' + «tt'') 
SV-^T" + •>'— Su't» = (1— «•t*)Ci.* + 5»' — 4u t'), 

unde aequatio fi) in haac abit: 

t(1 — t') da n' + 5T' — «UT» 

^ u(l-u') ■ dT " ^ + 5«' + 4o'» ■ 

Ponatnr u -*-t's3 A, n-*-u*v = B, t — u* = C, v — nv*=D, iU nl: 

^-=5. HTe AC = 5Bp 

-^=^ = M. 
C 5B 

- ^»+6»" — 4uT« =a uA + 5vD 

T» + 5n' + 4u'v=. tC + SuB, 



Tq- T') du uA + 5tD uAB + tAC ^ 

^ u(i-u') •~^ »d + 5»B '^ tCD + uAC • B 

"B + ^C .i£. = A£. = 5MM. 
tD + uA BC BC 

Fit enim: 

uB + vC = tD + uA =: uu + Tv. 

Unde etiam:' 

MM - * '(1-V) J" _ l ^ (!->•*•) _i»L 

" "T" u(i-u«) '"dT~ 5 ■ vct-kk) ■ dx ■ 



L 2 

Digiiized by VjOOQ lC' 



THEORIA EVOLUTIONIS FUNCTIONUM ELLIPTICARUM. 



DE EVOLUTIONE FUNCTIOJVUM ELLIPTICARUM IN PRODUCTA 
INFINITA. 

35. 

Proposito Modulo k reali^ unitate miuore, Tidemoa Modulum 

\ = k" U" coam — Mi. wam i^ . . (io co.tii f"-')'^ !* 

in ([aem ille per transfomtationem primam n** ordinis mutatur, crescente Dumero D, ce- 
lerrime ad nihilum coDvergere; adeoque pro Umite n = OO , fieri X = 0> Tam erit 
A = -^, am(u, 1) =a, unde e fbrmulis A = -^, A' = -jt-, obtiDemus: 



FoDamus iam in fonnolis pro transfbrmatioDe primae supplementaria §. 26 — loco v, 
D = 00 : abitaml-^, xj inam|-^, M= -^, 3r = sittam|-^, x) ui sin-~; porro 
am (uu) inam(u). Hinc e fbrmulis ilJis naDciscimnr se(juentes: > 

. ,. (-W)('-^)(-W)- 
""'""" "(-^)(-^)(-^)- 

_ (-^)(-W)(-^)- . 



\ "° -15-/1, •'"■-«- /\ •"-ar/ 
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/ /' kr\l- fa-y-— fcn-) 

\ "••TK-/V "■ 'W /\ '" -iK- f 

I JirK' 8iKK'_ , Si^rK' \ 

,, I ""■ JK ^ "'■-Sr' ' ' "*■ »1 . V 

""-" fs- I — nn? — ■* . w,K'' '•■•^■' " 51, K- — ■••■■I 

\""'-sK— " "»--i5r-" "■•^K— " / 

(iwK' 3i«K' 5iirK' v 

...i.K' — . , »i.K' — + . , si.K' r 
-"'■'-W- " "■•-siT-^"' "".■1E— " / 

FoDamiu ia sequwtibas e; '^ = 1 > "yjr =i= 3t- » sire u =: — ~ — , M 
V = sin -^ = «intK; fit: ■' ■■-f- 



..i.K- _ ,--,— i(l-q— ) 
K ^ii ,,. 

K X j^m 

unde: 






gilizedbyGoOt^Ie 







«6 


1 " < 


(1+,""/ 


l+!,-=o.t. + ,- 


CM . ^ 


(! + ,■»)■ 


, 




I±«,»«..+,'» 


'■L ■ U.I.K: "'* 


1+,"» 


miffK' 
-"•■ K 


«q"(i+q'") 





I— 4,*">cw*i + ,*" 



I— S,'"«iiS" + ,*'' 



Hi» praeparatis, atque poaito brevilatis causa; 

_ ( (!-,] (1-,1K1_,.).. 1- 

- > (i_,-)(i-,>)(i-,-) . . ; 

, .1 (1-,) (!-,■) (l-V).. !' 
~l (1+,')(1+,') (!+,•) •■( 



C = 



[ (l-q^d-,!) (!-,■) 
^(1+1) (!+,') (1+1' 



-\. 



')•■)' 



prodeuot FunctioDum EUipticarnill evohitiones ia Prodncta Infiiiitn jiindainentales : 
XKt _ aAK . (1— «,*M.»»i+,«)(i— t,*coiei+,')<i— a,«co»t»+,") ■ 



1) 




(1 — a,co*ti+,*)(l— t,>CO»tl+,")(l— S,>CO«tl+>)'") 

(l+l,'co.»i+,')(l+t,<co.t. + ,')(l+t,'co.ti+,") 



(1 -2,co.«.+ ,■) (l_t ,'co.«i+,.) (l_»,.».ti+,"') . 
(l+»,co.Ii+,')(l+«,'co.«i+,.)(l+8,.co.l.+,-). 



(1— l,co.lx+,')(l— l,.co>li+,.)(l— l,*COlll+,») 



(1— l,Ji.i+,.)(l— l,'iiin+,<)(l— Ifiiii.+^').. 
(l+l,»oi+,^ (l+t,'J..+,.)(l+l,.m„+,.) .. 



(l_l/Vm.+,)(l_l/V'.lin+,')(l— «/V.i..+,.) ■ . 

(1+««^«..+,) (i+«/>«..+,i(t+s/V~i+i') • • 
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Nec noD aliad formalanim s^rsteina, qaod resolationem propositanim in fractiones sint- 
plices suppeditat: 

ffl «„.-. ilil ** ■^,( A^ct+^) . - /?"(i+q') . /Va+q') . \ 

' « ~ kK \ 1— tqGO*Xi+q* 1— tq»eo.«x+q» ^ 1— «q'ce.»tM + q"' ""^ ' / 

71 =«.-.i5L«±lc»../_jGiLl^ /V(i-V) ■ /V(i-q') ^ 

' ir kK l. 1— Xqc«Si+q* 1— «q>«Wi*»+q' ^ 1— tq>c<MXi + q"> ' 7" 

Quibus addimos ex eodem fonte manantea: 

.,. ,...K. >...-( <4^) -(4Jf) , ^-(4^1-) ) 

' 1. K \ 1— «qcoiti+s-; 1— tq>coiS<+i|< ^ I— I,>coiti+q<- / 

TT 1 — q 1 — q' 1 — q' 

In formola postrema sigaam snperius eligendam est, qnoties in termino negativo, inferiiu 
quoties in termino posttiTO c<nnpatationem sistis. 

3a 

Contemplemnr fbrmolas i) — S)> in quiLus ante omnia qnaDtitatnm, quas per A, 
B, C designaTunas valores erueiidi sont. Facile qnidem invenitnr ponendo x = -^, e 
formnlis 8), t): 

.. ^ f (l-q)(t-q'l(l-q')... 1*_ 

Ut+q)(i-s'){i+q*).../ 
ande C = VT; 

tAK r (l+q')a+q*)(l+q') ■ ■ . )■ tAK C^ ^ t/TAK 
*=" ft Ul+q^^l+q^Xl + q*) .../ - "B irB ' 

uade B s . At ut ipsins A emator valor, ad alia arti0cia confugieudum est. 

Fonamnse'"» U: obi xin xH-*-~- nmtalnr, atit U in /tjU, sioam-^ii* 

-"r-^---)=7-w- 

fcNBani^— 
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E formola 1) anteln obtiseinas : 

<K. AK/U-U-\ ((l-<i'U')(l-l'U")..j{(l-,'U-)(l-,^U-)..l 
*lD»n = 1 : 1 -1 : ^ 6_ 

' « V ■ ; [(i-,u>)(i^,'ni..]((i-,u-')(i_,fu-)..j 

unde mutando x in x H — ^k' ' 

AK j ^V-/"^ll-' '^ ((l-,'U-)(l-,-tq..[((l-,U-)(l-,-U--).. 
(l'"1..J{(l-0-)(l-,'U-').. 



AK / y ,U— V ,-'U-' \ j(l— ,'U^(1— 
- \ 1 .({(l-^-U^xl-^ 



quibm io se duotis aequatiouibus , cnin sit: 

/Vu-/'~u— — 1 l-,0' 
i-u- "/^■u-u-' 



1 1 /AK\' . f/T j *KA iyZ 



prodit 

. „ i/Vak 4/ — /T" 

Hinc ent B = = 2v q y r-*. lam igitur fit: 

JK» _ 1 i/7.i..(l_i,'e..»i+,')(l-a.l-co.»»+,')(l-»,-toi«.+,'-) . .. 

""'" » /^ ■ (1— S,co.S. + ,')(l— !,'eo.t.+,'')(l— t,'co.t.+,»)... 

_8K^_ Ar »V"7co..(l+t,'co.8.+,')(l+t,-co.a.+,V(l+»,.„,t.+,ui.,. 

""" " -V l ■ (I-!,co.t.+,')(l-t,'co.t. + ,.)(l-,.co.t.+,»)rr^ 

tK. _ rjr (l+l,co.t.+,')(l+a,.cl).«.+,.)(l+«,.WI.+,«').... 

" " * ■ (I— t,co.S.+,=)(l-t,'co.«.+,'I(l— t,'co.«.+,")... ■ 

1 

Aeqnationibus in se ductis; .... - 

C = /V- _ ( (1-,)(1-,')(1-,') ■ ■ . !■ 

Ui+i^d+^-xi+i-^..^ r 

prodit : 

l/Tk' ^ ((l-,)(l-,')(l-,')..l' 
/r {(l+,)(I+,")(l+,') . .)' 



yGoogle 



lam vero secnudum EaUrum io Iittrod. (de Fartitione Nunterorum) e»l: 

(1-q-) (!-,■) (1-q-)... 



(1 + 1)(1 + 1")(1+1') • 



(l-,){l-,1(l-,>) . 



(l— Dd-q-jd-V).. 

UBde obtinemus ; 

1) {(l-q)(l— i')(l-V)«-l') • •) - V- 
Advocata formnla: 

»yT _ I d-^('-q')('— I') ■■ t' 
rtU-q') ■■ /' 



, d-rtd— 1" 



ti ((WXi— ^•^(i-s')^!-!') ■ •}■ = — T^. "1 

»> d— !)('— l')('-l')('— f)-') ^" ■; 

QuUins adilere licet, ijuae facile Kqunntur, formul.'»: 
•) (('+i)(i+i')(i+i')('+q')^)' = A==- 

5) ((t+l-^^l + I^Xl+VXl + l') ■ ■)• = ~, ; 

♦ V k ¥ 1 

6> {d+l)('+l')('+l')('+l')^^l' = ^^- 

2" V 1 

E qnibns etiam coUigitur: 

('+i')('+i ')('+i')^.- X 

d+^C+flC+V) ■•! 

d_q)d-i')C-l') ■■ !• 

. C+^C+rtC+l')^^ ) 



') 


k = 


• /•l 


S) 


k' = 




S) 


2K _ 

«' 




10) 


«kK 


4/-? 



(l-l')(l— 1-)C-1') • . (■ I d+i)C+l')C+l').- i" 
d-i)C-i')C-l')- ' l C+l')C+l')C+i') .. / 

[ c-i')^-,')^-^").. r 

; C-i">C-i')C-i").. / 
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11) 



90 — 

I (l-qXl-q-Jil-q-). 



j/Tk 



:»/"» 



l (i+iKi+q-^a+i') 
I (i-q')(i-T)(i-T) 



(l-q)(l-,')(l-,'). 

l (l-q')(i-q')(l-q'). 
l(i+q'Xi+q')(l+q'). 



K formuUs 7), 8) setjuUur eequAtio iJeutica salis alistrusa; 
») {(i-q)(t-q')(i-q') . .}' + Kqjd+q-Ki+q-^^i+q") . . )' 

{(i+q)(l+q')(l+q')..)". 



37. 

Vidimua supra, uM de proprietatiliua aequaliouuin Mcxlulariuin acluin e&t, inu- ' 
tato k iu —, abire K in k (K-^-ilCj, K' in kK' ; porro fieri:. 

*in am (ku, -i^j =s «w coam (o. k'} 

co.>m (ku, ^j = «D coan.{u, k') 

Comtnntatis inter se k et k', fainc sequitur, ubi k' in -r;- seu k in -^ abeat, simul aliire 
K in k'K, K' in k' (K^-t-iK); porro fieri: 

lin un jk'u, — -;-l = coi coam u 

co* am I k' u , , 1 = ud coam u. 

a am I k u , ■ . ■ .■ I E= , , 

\ ' V ; A am u ■ 

unde etiam: 



•(-^)-i-' 
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At rautato K In k'K, K'iD k'(K'-hiK), abit q=e iu — (j, iinde vioe vmS fliiit 

THEOREUA L 
Mutato q in — q abit : 

K iii k'K, K' in k'(K'-h>K) 



mutato umal q in — q, x iii — — x, aliit: 



Inquiramus adhiic, quasnam Fuoctiones Ellipticae, mutato q vel in q' vel iu 

y^q, subeant mutaliones. 

Vidinins supra, Modolum X, per transformationem realem pritnam n" ordioiii a 
Moclulo k derivatum, ea insigni goudere facoltale, ut sit: 



uiide mnlalo k in X, abit q = e in q". Llem, a nobis ile IMDsformationibu 

M 2 
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imparis ordinis j^L-iier.ilitvr pruliatunt, iam iluJuni a Cl. Legeudre de Irausforaialione se- 
cuiidi onlinis pro1>alum cst, viddicet posito X = -,T;l- ' fieri: 

. = (i±L)K, .. = <.+.,., 4 = ..^. 

unde videmus, niutato k in , aliire q iu (j'. Hiuc vice versa obtinenius 

THEOREMA II. 
„Mulato (| in (|' ahit k in ~^, , K in /— ^ — \ K," 



e 


etiain: 






L' m 


!/-k' 
1 + k' 




k'K 


i.> ^k-K 




/l 


k 
° l+f 




/■1 


K.iJL 



T+P 

i — k ii 



1— k'i 



1+r 



(1-v^T 



1+k- 

Ex iuTersione huius thcorematis ohtinetur alterum 

T II E O R £ 91 A III. 
„Matato q in /"(), ahit k in 'jf^ , K in (l-4-l) K," 
unde etiam: 

' '"T+r 

LK in 2/\.K 

A'K in k'K . 

1+k 

flnae tria iheoremata evolutionil>u8 §§. 85. 86 propositis multiinodis coufirmautur, sDam- 
(fue in seqneDtibns freqneDtissimam iDveniunt appUcatioDem. Quippe quorum ope vel 
ex aliis alias derivare licet formalas, vel alinode inveDtae commode confirmaDlar. 



l+ki. 


l + l 




0-/V)' 




l+l 


1+k'iii 


2 
l+l 


1-l'ii. 


tk 
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Quautitates, io quas posito if^ loco tj abeuntk, k', K, (lesigoeiatu perk*"", k""'', 
K'"", ita ut k""' sit Modnlus per trausforoiatioaem realem primam n*' ordinis erutus, eios- 
(jue complementum k""''. Fooamus in aequatiooe: 

( (t+q^a+q-^a+q-^Ci+q') ■ ■ ■ / 

loco q saccessive q', q*, q", q'*, cet. , prodit facta multiplicatione infiQita: 

' A'-''t'*''k">'k"')' = f a-i^Xi-q^^a-q^^g-qT-^- I' 

■ " l (i+q^a+q*)a+q")a+q') • ■ ■ I ' 

at iovenimus: 

( a-q')(t-q*)a-q')a-q') ■•■ / «/Tk 
l a+q*)a+q*)a+q*)a+q*) ■•./'* * ' 



nnde: 

tK Ac/ku)'fc../k.w)' 

" — -V e ■ 

Cum sit k*"'^ -f^, fil ex 1): 

i—\*— * »V^' g/''^ «/'hTTr t/^k^ 
\ ir /~T" 1 + k' ' J+k<*»' • 1+k»"* ■ l+k'»' 

unde diTistone facta per l): 

«K ^ - t- ■ ■ « ■ «- ' t 

^ ir l + k' ' l+k"-' ■ i + k<"' ■ l + k"^' ■ ■ 

Qnae etiam eo obtioetur formnla, quod sit: 

«K tK"' « 

w ™ ir "1+7" 

tK'" tK'*' « 

;; ir ■j+k'*'' 

«K'«> _ tK"" « 

— ,r -i+k^ 
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uode cum, crescente m in infinttum, limea . expressionts sit 1, facto producto in- 

finito prodit S). Foflito: 



- l+t 



i+i' 

ideoque: 



Heu (lesignante ^ limitom communem, ad quem m''", D''';coiiTergimt, cnescente n in 
inlinilum : . ■ . .- 1 - ■ 



Quae abunde nota sunt. 

Fonamus rursus in formula : 



/--T (i+»,pi.a.+q');i+3q'co.».+if)(i+»,-i»,.a.+," ). 

(l_!,C0.2. + q')(l-Sq'C0.J, + .|.)(l_8,.„.«.+ ,") . 
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loco q successive q', q', tj*, cet. ; sit porro: 

s = i.„(ii^, i..,)4,_(4ip.. l;..)a..(J^, k-.)... 
Facto producto infiuito, cum sit: 



^_ »/T.'K (l+8,.i..8.4-q.Kl+«l'»°.8-|-1^(l+8q.|».g-H") . 

11 (1— Sq'c«.i«+q.Kl— *q*«>.*.+q')(l— 2q'M..2.+q") • 
lam vero e formulis: , 



g yT.in.(l-8q'eo.t. + q')(l-iq.e».a. + q.)(l-aq.e<..«.+q..). 

V.-k ■ (1— Jqco.a» + q')(l — Jq.(».S.+q"Ul— «q.co.«. + q") ... 



/T| •/^<»,..(l+8q'c.a. + q')(l+8q....».+q!Hl.+ «q.c°.t^+q") ■ 

V k (i-8,».a.+,.)(i-a,'co.a.+q.)(i-qio..a.+q..) . . . 

olitiueiniis: 

an. 

(.□g.ii] = ' ■ ■ 

1 i.og..(i-8q.co.a.+q.)(i-aq.CT.a.+q;)Ci-aii.oo.a.+q.') .■■ 
"TP" (i+a,.co.a.+q.)(i+a,.co.a.+,.)(i+eq.co.a.+,.i ■ ■ 

uude prodit formule memorabilis : 
8K. 



Ut eaDdem per formolas notas demoQslremas, adrocemus formulam pro transfbraiatione 
secundi ordinis, quatem CI. Gauaa exliikuit iu Commeutatioae iniicripta: ,, Determinatio 
jiltractionia" cet. : 

,„ (i+k-).i....(ij^,V.) I 

l+k.'.«D..,.( "'^ ' . k«) 
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quae ttrevitatis causa posito: 

iii—L. k""'t = «<'■'., aam/ "^^ . ' . M>»>j- 

ita exhiJietnr: 





l+k''> jiii'?)i"' 


ande eliam: 




eo.» = 


M* ^l'> it'> 


l + k"> M *"> 




I_k"> «,'»"> 




l+k">. »'*!•> 


« » = 


<1 + k">) l( »"> 



Fomiula postrema ita qaoqne repraesentari' potest: 

aK »K''> ■ A"> * 

uode loco q successiTe posito q*, q', q', . . ., quo facto k, K, $ abeout ia k''*, V" 
k'*', ..; K'", K"', K"\ ...; $'", ip'", $'", ..., obtinemus: 



«K"' 


<K"> 


1«»'" 
»<•> 


SK"' 


.,♦". 


!«»"•> 



lam limes expressionis 

m>ii" ' v « / 
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f9 .^^ 

crtscfinte p itt iafiwtUB),-, fit . . ; .. . 

taog X ; 

tum oum fit k*''' = , K'''* — 'T* ^*" C*^ -^) ^ '^' ^™*^ ^^^ ''"^^ prodacto iafiiiito 
et posito, ut snpra, S = A'** A**' A*'* . . ■ , protUt: 

«K S ' 

qnae est fonuula demonstraDda. 
E f(»iniila: 

Algorithmus nOD inelegans peti potest ad corapntanda iDt^rnlia £lliptica primae speciei 
indefinita; idqne ope formnlae, probatn &cilis: 



V (I+ITd+ii) 
Quem in finem proponiaiis 

THEOREMA. 



Fosito 



/^ 



y m m Cos 0' + n n Sin ^' ' . 

/"■nmCo«g)*i4.*tfiSiny' tet fl. f »- _i.!.- _:'. . _ ■;_ 

formenlur expressiones : 

' " m + n " " ,' ' r ' ' ' . ' ' .'. ' / mm'(i + ii) ' ' " ■ ' ' . 

I — Vmi.— n V in'+il' 

* ~ V m^+a" 
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deiiiguaDte f* limitem commuuem, ad tjuem quauUtate» m"",' A''*', 'fi''":cn»cpute p ra- 
pidistiime L-onverguiit, erit: 

A,' a" i* . . . 

■ ■:Unf|U*e=i- ' V ■ „ ■ ■■ — ■b'«64'- '■'■:"-- ' 

lisdem methodis, qailius iu antecedeulibus uu' sumus, iuveuitur etiam valor 
producti iufiutti 

g>^q «W a/V 8 W 

Quem in fmem allegamus fonnulas §. S6, 4), 5): 



{a-H*)a+<i')(i+«r)£i+«i") ■ ■ ■}" = — /J! ^ : 



(juarum posteiior e priori nascitur loco (| posito snccessive tj', (j*, q' cet. et facto pro- 
ducto infinito , unde olitiuemus : 

k _ gy^V *VX* t/V 



t/V/^ /"k'"k'"' /'k<«>v..>' /"t"' k-^* ■ 
lam vero eruimns l): 

SK /k"''k'"'k">' ,. 

— =V— p — • ^ .. _ X 

nnde: - ' -r ■ ^ 

5) /V gK «/V »/V - 8/V, .,, .y^; ■;. . . 

Qoae licet iliena videri possint ab instituto noalro , cum nec elegautia careant , el 
maguopere faciant ad p€rii|)Acienda*i ualurani eTolntiomim 'proposltarum , opposuisse 
iuvat. ^. . 
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EVOLUTIO FUNiJTIONUM EI-LirTItAJllIM III SEBllS 

SECUNDUM SINUS. VEL COSINt/S MULrifLOItUllI ARGUMEiTI 

PHOGHEDIENTES. 



E fonnulis sDpra tradili^: 



/t- 



39. 



.t.+4-i(l-«i'co.«x + i')(l-8r'"»'+ l") 



-(H«^'»"«'+Vl(l+'l'™'8. + i'j;i+8q'ci..i.+q") 



(l—S<,co.«.+ q")(l-!,ico.S. +,•)(! — !,>to.S.+ ,") 



^Kj_ /-rr .(H-«qco.«.-|.,?).(l+8,'co.-«.+^')ft-^»,.co.«, + ,.-) 

» - ' (I--'if,Co.«,+,.J(l-«,'C».J« + ,lll.-«,'cM!.+,|») 



•r~ — ET ~ " 

""" ' -/■-"-■ (l-«,.io. + ,-,(l-«,'.1.T+,-)(i-«,.io..|„-) 

i+.io,„l!il ' '+""" ' (i+«i""»+i')('+«i)'<i«'+ii'm+«,;"o,+,*) 

/7T- — ^ 
— «s-.= 
l+k.intin 



^ (i-«/,-",+i)('-«/7"°,+,')(i-«/Va.,+,.). 

(l+«/"7""«+l)(l+«./T''"-+'i')('+«/V'to,+,'). 



logarilhmis sioguloruui faclorun iu altera a*(juatioiniin parte evoluti^, post reductioDfs 
ohvias, srqunutur hae: 



6) iofi lin ,m . 

7) iofi co. am . 

8) log a Mi - 



. ( «yi'.i 



- - » /r t 
.io,{«vTy pco.,} 

10,/? + -^: 



1+1 



«(i+q") 
«C+q') 



f q'eai6i 

»(i+q') 

«,.'COilt, 

8(1-,.) 
4,*coil< 



S(l-,.) "^ s(i-o 
_ , / l+.b, . 4,*iii. *,..!dS, ^ 4,*diiS, 

-"'« V i-.!*" "^ 1-q »(1-,.) "^ 5(1-,*) - 

N J 
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■■ -__^ ■■ i/^i^ i '•■■"< ■' 

1 

Quibus fortDQlia differeDtiatis, ulii aduotamus formulas differeutialfs probatu faciles: 
«K, '■ «K. 



i.ktmm:-::^ 


i. 




- dx 


.. /--^ 


"V.-.-^ 


dt 


■ /i+..i.»^ 

,1 Jk. / 


:v.— r^.: 









[' ■. ■■ iir» ■■■' • 

^ __^ , nn coun ^— , 

d. if « . .■ 

eruiiQus sequeutes:. ■:■,■. 

»K. "■■■ ' ■ < 

4qs!nSx 4q**!n4i- 4q'>in6i 



1 — q 1 + q' I — «t* ; 
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'' •'- 'M,\ ' 1 — q 1 — q* ' 1 — V 






it « i — q X — q* 1 — q' 

! ' * ' 

'Obi iii faisfomuUs toco x ponitur -j- — x, eniitnr: 



4qfinSE 4q'tia4» 4q'iin6» 



•« ^ 1-q l + q' ^ !-,• 



4qMBi 4q>MB5i 4q'iln5»" 

1-* , . 1-q* **■ 1-q' 



tKi, --j_ 4V^«n« i/q^rinS» ^/ VmSi 



1-q* 
Fonnnla is) ponewlo -= x loco x inunulata mauet. 

Mutando q iu — q e Iheoremate I. $. 87 formulae, ll), 12) in 17), 16) ab- 
cnnt; iS) immutata manet; 6 fonnnlis 14)« Ifi), 18), 19) oLtinemus: 

• L'if t A *_. «. 4q*<»»gT ~ ^ — 

i+q' **■ ■ 



ai) 



») 



SKi 


^■'.co.».''" 


Sk'K 



~ . l+q * 1+1' * l+s- ^ 






tlK tK. </q.i... 4/V.»». , «/?».5. 



yGoogle 



Forntulae 19)^ 21) per evolationes n^tas ex iis etiam facile derivari pOHsnDt, 
(|uas snpra attuUmns $■ S5> 6), 7); 

tK.. _ t, . I /V(l+i) /V(l+^') . /i-^l+l') . 1 

..n.n.— - j|j«ii ^ ,_,,^,j,^,. ->- i_i,.co.«.+V ^ l-«,'€»«.+V ^ ■ 7 

IK> _ «.. / /^C-^) /"i^d— q') . /Va— q') _ \ 

„,.n.__ -iir"'Hi-«i<»'«'+i' i-ts'.».s.+,' ■^i-«,'=o.«.+,- ■■;■ 

E fonnula 9) §35: 

«K. _ 

* . + .A.^((-i±j).,.) - »-.((^;)«-) + «*"«((i^)..-) - • ■ 

sequitur adhuc: " ■■ 

Eandem enim pro sigui atobigui ratioiic ita repratfsentare licel: . ;. 

-I. . . +4. -j, ,+:.,■ 

siquidem brevitatis causa t = tg x . Fil autem ; 

A.,..Ji±^-.-A„,..{ '-.t;';-'r.:'.' }-" 
^.■{ .^.,!V(.-o H--'-{-T^l'\ 

unde am ' ^ - =5 



sive cum aii: 



Arctg. 



^"■'^- „^*.^ '^•'^*' 4. '''""^' 



1 — qc«iSx 

fit am = 

8q»ii>t« gq'»in*' . ^q'*'»^' 

"•" l + q' *** SCl + q') "^ »(l+«!') 



+ ■ 



Dig 
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(juae est formula £4). £ ruius differaoUatione prodit: 



unde etiam, posito ' 



- q loco q seu -j- — x kw» x : 



40. 

E formulis propositis, poneodo x := Tel aliis modls facilv eruuntur sequeute!) : 



1) logk =log4/V- -7^ + 



«) 


-l.«k' - 






») 


1=8— = 






«) 


<K 


= 


1 + 






_ 


1 + 



S(l+1') 

»1' 



»(1+1') 
»1^ 



I-q- ^ »(!-« 5(I_,") 

1 + , ^ »(1 + ,') ^ 5(l + ,>) 

-iS I3l_ + _i3l_+': 

i— 1 1-1' i-q- 

*< . ♦■■• ■ ♦■!' . 



«(i+q-) 
'i' 



1+1' l+^ 



l+q- 
*/V 



T+r i+q' i+q' ' 



„ «J^».- 



7^'- 


♦,v 


:«i' 


■ + 


»+V i 


..'+,■<• 


^*- 


-^- 


-i^ 


-+• 


^- 


i+q- 


l+q" 


+ ■ 


^- 


«,. 
i+q' 


4q. 

1+q" 


■ + 


^- 


-^- 


1-,. 


- + 


«^*: 


«<!• , 


«q' 
(i-q')- 


- + 


(I+,V + 
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liiq (■+ !') , 16<'(l+s-) l«<-M+i") 
. (l-iT (l-q")" (i-r)" 

8q . 16 q' Mq' , 

l+, "■" !+,• l+,< "^■" 

»q . »q' 



r + 



(i+q')' (i+qV ' 

«/^ - i«/7 . _WjL_ 
i+, 1+,' "^ 1+,' 

«/^(i+q) .. «/V(i+,') «/V(i+q') . 
(1+1)' (i+q")" "^ (i+q')' 

8,- 



+ ■ 



i+q" <+q" i+q" 

6q' , 6q* 6q* . 

(i+qT (1+1')' (i+q")- 

«/T . n/V I «/V 



«/T(l+q) 1 </?(l+q') »/?(l+q') 

(1_,)' "^ d-,')' "^ (1-,.)' "^" 



Formulas 4) - is) dtiplici modo repraeseDlaTimus; facile antem re|Mraeseiitatio altera ex 
altera sequitur, uLi siogali deaominatoies ia seiiem erolnuitur. Adaotemua adhuCj se- 
cunduni theoiemata §. S7 proposita e duabus ex eamm nnnero, 4^ et':^", derivari posse 
omnes. Fonendo enim vtj loco q , cum abeat K in(l-f-k) K, snbtrahendo e formala 4) 
prodit 5); deinde ponendo — q loco q, abitK ii* k'fe,' nade e ^vmuJis 4), 8) pro- 
dennt 6), 10); 6) immutata mauet. Poueodo q' loco q afcit k'K i»/1?K, nndv.e 6), 
10) prodeunt 7), 12). Ex 8), 10), quia kk'-|-k'k'i= 1, pro&t '9). Ponen3o /q" 
loco q, abit kK in s/k K, unde e 9) prodit IS). Foncndo ' — q'Toco q, abit kKK 
in ikk'KK, uude e 13) prodit 11). Ceteiom pro ipsa Modulo ▼#! Complemaito.das- 
modi series non extare Tidentur. 

Formulis propositis ad dignitates ipsius q erolutis, obtiaeoHl'.- 

1.) kjk _loj»/^_t, + 6,'-H,. + »^_^,. + ,,^_?,.+ i,._«,. + ¥,-... 

«,_,.,.- .,+«,. + |,. + «,, + 2!,.+«,..+^,.,+^,^.... 



yGoogle 
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17) '" = l+t, + 4q' + 4,>+Sq> + »," + 4.|' + eq» + e," + 4,» + 8," + «," + . 



, l-4,' + 4,' + 4,'-8," + 4,"_4,"+8,»_8,»+4," ... 

: 1 + e, + 14,' + S«,* + M,' + 4Sq* + 96,* + 64,' + «4,' H 

-- l6,+64,' + 96,' + U8,' + »eq'+l«q" + m,"+8e4," + .. 
= l_B, + f4,'-S«,' + «,"-4e,' + 96,-_64,' + »,' ... 

4/T_ «/V+ «/? - »/r + !!«/7 ^ «/?■ +mV> _ . . = 

85) liJii. = I_e,' + »,'_»,' + »,"_«,"+»q"^64," + !4,"_I«,(" + ... 
ffi) -iiH-= 4/T+16Y^+»/?+K/V + 5!/? + 4e/? + S<^/7.+... 

Quanini serkram lex et ratio qno melJDS perspiciatur, deuotabiiniis eas signo sum- 
matorio £ termino earum geuerali praefixo. StatuMnus, p esse nUmerum imparem, f (p) 
eummam factorum ipeiUB p. Tum fit : 

.7) ,<,i = „,./7-4rm{,p_iii_f,.._|,.._f,*--..| 

*(p) „ 

», |.,!^=.4sm{,P_,-''-,"-f'_,-'^..}. 

Porro sit n numenu impar, cuiua factore» primi omnt» formam 4a+l kabent, •^(vk) nu- 
merue factonan ipsias d; 1, m Dttmm emiK» tt i»(|Ue «i 00: d»til 

*K 8'C4hi — n'ii 



») 


s/rK 


81) 


4KK 


88) 


«kkKK 


SS) 


4k'k'KK 


84) 


4kk'KK 




4k'KK 
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Sl) -^= 4J+(.), ' 

«, 'J^ = . - . j *(.„'<*"-'>■" + . . *(., ,«'"<'■"-■)■ - . 

Desiguante p rursu5 DUQierum iinparem, 9(p) summam factorum ipsius p: iil 

34) -l^ = l + 8E»(p){,v+S,'l' + Sq'» + «,-» + S,"P+..) 



56) ii^^ = l +8 £»(p){_,l'+S,'f + S,<P+S,'l'+ »,■■!'+..) 

r-' 

57) *-^^= »£(-■) ' »(p)/i5' 

38) ilH.= l + 8i:(Ii(p){-,'P + S,'P+»,-P + S,"P + S,-l'+..( 



«tKK 



«E»(p)/qi^- 



Demoustremns formulam 27). Invenimus l); 

logk = lo,4/^_ _!3- + _ti *i' +.., 

« '»« * 1 i+, + «(!+,■) S(l+,', ^ 

quod pouamns = log 4 vq + 4 £ A"" (j\ Sit x numerus impar p = m m', e quovis 
termiuo -^^ — — , prodit -^^^ — , unde coustat , fore A'"" = ^iEL . lam sit x 

■»(1+»'°) ' t^ m ' ' p 

numerus par = 2'p^ 2'mm': e terminis 



»(1+1'") «m(l+,"", ^ «„(l + ,.»j ^ 8iii(l+,'", ^ 

provenit 

_3l/, _J L i. L-j. ■ 1 _ '1" 

m ( « « 8 ■ ■ ■ «!-' "■""?")— «lin ' 

unde A"" = ,i , id (juod fonnulam propositam sappeditat. 
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DemoDstrcmas fbrmulam SO). Iimtumus 4): 

K ^ 1— q l— V ^ 1 — q» ^ ^ 

Sit B"" nnmerus &cforum ipsius x, (|ai formam 4m-f-l hatient, C"" namerus faclorum, 
(|ai formam 4mH-8 tabeiit, facile palet, fore A""=B"" — C"". Sit x = s'nii', ita 
ut n sit Dumeriis impar, caius factores priuii omues formam 4ffl-f-l, n^Diimerus impar 
cuias factores primi omnes formata 4m — i habt-ntj facile proliatur, uisi sit n' aameru.s 
ijuadralns, semper fore B"" — C"" =i 0, nbi vero n' est numerus quaHratas, fore B"" 
— €,""' = ^"'^^^(a), &rmiila 80) fluit. 

Postremo probemus formalam 84). Inrenimns 8): 

rtjT 1 — q 1 + q' 1— fl» l+f "» 

De^i^naule x numerum imparem, facile patet, fore A'^' = (}i(x); nbi rero x numeros par 
^ 2'p, designaDte p nnmerum imparem, ijuotics m factor ipsius p, e termiitis 

«iTT^ + TRiT + 7+^ + T+^sr + • ■ + T^j 

prodit 8mq"(l — 2 — 4 — 8 — -- — 2'"'+- 2'j = 24^^", m.dt- eo casn A"" = i<P(v), 
id quod formulem propositam suggerit. Reliquae similiter demon&tranhir vel ex his de- 
<tuci possnnt. 

Expressiooes coaam— ^j— , iam— — , — _ ad digmtates ipsios x evo- 

tutas, Coefficientem ipsius x^ nanciiJCimnr resp. — — | — -L —( — —j\ _|__L/£5.j' 

undee formulis $' antecedeDtis 21), 20), 24) prodire Tidemus sequeates: 

*°^ Mir j- *W + q + 1+q' + 1+,» + 1 + ,' +-7- 

f /TC+fiq + q') _ /V{I + 6q-+q-) l/V(l+6q' + q") _ . 

( a-qj' ci-q')' (1-qy ■■! 



l,(l-6,' + q-) _ ,'(l_6q-+q-) ,'(l-6q' + qi') 

d+q")" C+q')' (1+1*)' 



O 2 
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-131-+ ="■' + "■■• +..1 = 
!+?• i+r 1+q* ^ ; 

i (l-q). (l-q')' "^ (l-q')> +T 

Ex his posito — q loco q obtiDemDs: 

48) u-k'fiiL)'= .{jQL_4:GL + .EjGL_:^+..j 

^ « ^ t I — q l — q' 1 — q» 1 — q' ^ / 

l ir / \i—<i 1— q' 1— q* »-q' / 

l f / l 1+q' i+q* i+q" i+q* / 

ForDiuIis 42), 44J additis, obtiDemus [ j; 4o)et4S), il) et 45) .sulxlucti» oltliaemus 

I J, [ J, e (juilius posito resp. v tj, q' loco i\ prodit (— \, (— 1; e 

1 1 posito — q loco q oLtiQetnr 1 j. 

SuIj finem, posilo k = sin-&, erolTamus ipsnm ■& = Arc. sin k. Viilimus, po- 
sito Vq loco q abire k' in - -^ 7- ; pooamus rursus — q loco q , abit k in — , sive iu 
i.tang-&; ita ut posito i/q loco q, expressio - ~ — mutetur in 

:i "U+inij»/ 
Hinc e fonnala 2) 



^+ 



!_,■ ^ S(l_q') ^ SO-q.-) ^ 7(l-q.-) 

ernimus: 

*/^ »/V . «/?■ t/? ^ 

1+q »(i+q") 
qaae in haiic facile transforinatar : 

47) _ = A..: tg /q — Arc Ig /V + Arc i% /^ — Arc tg /^ + • • ■ 

qnae inter fonnnlas elegantissimas censeri debet. 
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41. 



AeqaatioQem sapra exhibitam: 



tkK . «K- ^ t/^tiat 4^qU\n$x i/^mSx 

io se ipsam duf^amos. Loco 2 sin m x .^in n x uliiqae suhstituto co» (m — n)x — co.s 
(m+ti)x, factum induit ibrmeim: 

^-^L.y,in«,m-^^ = A+A'co.tx+A"co.4i + A''co.Si+.... 

Inveiiitur : 

A- ^-i I- »^' I "^' I 

(1-q)» ^ Cl-q')' ^ d-q')' ^■- 

PoiTO fit: 

A"» = IfiB"» — 80"> = 8(»B'"> — C""|, 

siquidem ponitur: 

»"• - i.-j.-'^->, + (i-,.)«l\— ) + (.-,-)T,—) + •«'• '° '"'■• 

'^'"' " (.-q)(l-,"-) ■*■ (.-q-Xl-q»"-') ■*" (.-.l')(l-q'"-') ■•"■■+ (._,'»-')(I— 

lam cum sit: 

l"" _ ,' I ," ,'•*" ) 

(._,")(._,""*") ._,•"(._,» ._,•"•">(■ 

fit B •" = 



l-,'"\ l_, ^ ._," ^ ._,• 



I_,'"l !-,*"•■ ^ t-,'"*' ^ .-,■"♦• 

sive sablatis, qai se destraant, terminis: 

.-," l 1_, ^ ._,• ^ ^ !-,• 
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unde 

l_q-n ^ l_q»» \ l_, "^ !_,. "^ -«- l_q.«-. ^ 

Hinc tandetn proclit: 



unde iam: 

., /SLK\'., JKx ■ „( qco»2. 2q>co>4i 9q>co<6. 

' \ ir / « \ 1-q' ^ I-q' ^ l — q" ^ 

Simili raodo vel ex l) iuvenitar: 

\ Tt / ir l i_q' l_q' l_q« 

siqnidem : 

E noto Calculi Integralis theoremate fit, quolies 

^t = A + A'co.«. + A''c<m4. + A'"co»6r+ . .. 

termintu primus seu constans; 

A = -^y^ ' (P(»).d-. 


unde nanctscimur hoc loco: 

A = — ■ I 1 I »m ■m . d « . 
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Fonanias cum Cl. Legendre 



Hinc etiam, cum mutato q in — q, al>eat A in — B, K in k'K, sequitnr simol abire 

.,1. e" 

h in -jr. 

Adnotemua adliiic e formala l) sequi: 

l (l-q)' a-lV C-q')' 7' 

unde etiam mutato q io — q : 

.1 vvC^V» it/_JL_ «'1' I »'■1' ''q' I ( 

■,| q('-<q+q') . q'(i-«q'+q') . 'i'(i-«q'+q") , ( 
- { (i+q)* (i+i')- C-q')' 7" 



Subtiticta formula 4) a s), prodit 

ll-q" 



' \ n f \ 1— V 1— q' l— q" l- 



quem etiam e s), mutato q in q*, obtines. 
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42. 

Methodo simili arque formuta l) inTenta est, in expres^jionem 

iQ seri«m evolvendam inquirere postiemus, siqui^m formula 18) ^. 39 iii se ipsom du- 
catur. Id quod tameu facilius ex ipsa l) ahsolvitur consideratione sequente. 

Etenim formula : 

iterum differentiata , factis rednctionibns , oLrtinenms: 

dMo««n«m— — 



lam vero invenimu» §. 39, 6): 

2Ki /SVq\ I dCoiZi a*coi4i a>Gos6i ) 

uAde : 

dM «iwni^ 



1 i t[caitx >q'toi4i Sq'ep«6> | 

.io'. ~ ( l + q "*■ 1 + q' '*' l + t|' +■•(• 



Porro est $. 41 , l): 
/ akK v' . , «K» 



«K tK »K »E ^ ( qeo»2« gq'co»4i »q'cw6. | 

^ ■ « n ■ w 1 l_q' "^" 1 — q« "*" l_q- + ' '( * 
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unde cum e formula l) sit 



(^)"^ 



prorenit, (juod qaaeriiaus: 



md'» I 1 — q 1 — 4* 1 — q" I 



MutRtis aioml q in — q et x in -^ — x , ande K in k' K , E in -y- §. 4i, 

sin am in cos am ~ alnt , e 2) prodit : 

l « ^~ - • « . "^ «O.', "^ ( 1-,' l_,' "^ I-q- ■j- 

His adiuogo, qaae facile e $■ 4l. l) sequuntuf, hasce: 

' \ -t / ir ff «■ ^ ( 1— q' ^ 1-cf ^ !_,< ^ ■( 



m' 



qcoiaT 8c|'coi*» Sq<co>6i 
1-q' ~ 



quamm 6) e 4) sequitur, mulato x in -j- — x seu q in — q 



Posito y = sinam— ^, /*(! — J /)(! — l^'y>) = R> fit: 

p 
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y_..ii»m ^ _ ^ 2.S ( « / "*" «.5.4.5 l « ^ 

ideoque: 

qaa fonnula comparata cum 2), eruitur: 

(— j— )(— ) - — + (— ) - — ■ — - '[T=r + TT^r + TT^T + ■ f 



I — q' ^ 1 — q« ^ I-q» ■*" I— I,» "^ " t.S.* 



/l_kM^WSKi<_ 1 '.I q- . gq* . »'q- . Vi- . 



I 
sive cum »it ; 16 = 2.2* — 1 : 

,i-k.+i.,(ii!-)-. . + .. .6(-il2L +JX^ + JX, + Jl^ + ..\ 
_ ,6J_^+_^+ Jl£_+ J13L + ..1. 

Il-q- + 1-q' ^ l-q. + 1-q' ^ ) 

De hac formula detrahatur sequeas §.41. S): 

V « / 1 1— q. ^ 1-q. ^ 1-q- ^ 1-q. ^ /' 
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fit resiiluum; 

r, /■"'"l'-, ,«'__J_ «'1' . »'1' JV 

unde etiain, uiutato q id — q: 



tl+, ^ 1-q' ^ l + q' ^ !-,• ^■■)' 



(juae (lifliciliores indagatu erant forniulae. Qnas si iis iuogis, uuas supra invenimus 

iam (|L 

balws. 



.. .. tK 2kK ... 
lam (|uatuor pnmas dignitates ipsomm , in series satis concmnas evolutas 



FOBJIULAE GENERALES PRO FUNCTIONIBUS 
iKi 1 



IN SERIES EVOLVENDIS, SBCUNDUM SINUS VEL COSINUS 
MULTIPLORUM irSIUS x rROGREDIENTES. 



43. 

Inventi.s eTolutioiiiltns functionum: 



iam quafiitio se otfert de eToluliooiLus altiorum dignitatum ipsius 



peragemlis. Facilis quidem in Trigonomotria Anaiytica via cooatat, qua, evolulione in- 
venta ipsoruu) ^in x , cosx, progrudi possis ad evoiutiouem expressiontun sin" x , cos^x ; 
nimirum id succeflit formularum ootaram ope, qaibn.<i aiu^x, cai"x per sinus vel cosi- 
nu-s niDltiplorum ipsius x linenritpi exliil^enlur. At in theoria FDnctiouum Elliptica- 

P2 
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rum illud deficit sulisidium ; ad aliud confugieudum erit , quod iu secjueDtibus ex- 

ponemus. 

Formula, (jua« ex elementis patet: 

''""J^"'" = tt.ia"-'>mu/'l-{l + kk)«™'am« + kk«i.'>mu. 

iterum diflFerentiata , prodit: 

d*siD"amu 
1) ~ = n{o — ^^''-'•mu — niia + k')*ii>"»">u +«i(D + l)k'«D»"amu. 

Fosito successive ni=l, S, 5, 7 ■•, a=2, 4, 6, 8.., hinc duplex formetur 
aecjualionum series: 



-= 6nnamu— ^(l+k^^iitiitmu + lSk'iin*>mit 

- = »iin'»mu — iSfl+k^^iiniamu + 80k'iiD'>mu 

- = 4Siiii'amn — 49(l+k'}sin'amu + S6k'«in*amu 

cet. cet. 

a 

• = 2 — ^(l+kOiiD^amu + 6 k'>in*am u 

- = lXiii)*amu — 16(l+k')i!D*am« + IOk'*iii">mu 

- = 30«D«>mu — SeCl + k')»^*!^!» + Uk^iiD^amu 

- ta &6tin*win — 64(l+k*)HD'amu + 7Sk'iin»amu 
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Ex aequatiouibus 1. eruis successire, posilo nD = 1.2.3 . . o: 
1. a. 



n* 


k* 


>in 




• 


ne 


k' 


Mn 


.. 


" 


ns 


k' 


in 


an 







du' 




d* 


.lina 


nu 




ilu< 




d" 


•!aai 






du« 




d' 


linan 


u 



- + 3{S+Sk'+3k4j,i 



+ 45(5+»k'+Sk*+5k»>»iaamu 
- 4g(47+58k'+47k*) ^* ■ "° "^ , " , . 



+ 4(St89+MI5k*+Sai5k*+3S89k*)-::-:^^ 
+ SlS(S5 + ttk'+18k*+SOk>+9Sk'}siaimu 



nS. k'iia«*i 



ns. k*Ha"amu = ^ + 20(l + k*) — (- 8{8 + 7k*+8k*)Ho*amu — Sa(I + k'; 



n7. k-Mo^tmu = — (-se^i+k*) — \- na(r+8k'+7k')- 



+ m(18 + 15k' + 15k*+18k")>iu>amu - 48(S4 + 92k' + 24k*) 

cet. cel. 

Ita Tidemus, geueraliter pooi posse: 
' t) nao.k'"«D'"*'amu = 

_a-^^ + A<." '"2tr° + K' ''•°;::'-r"' + • • + <■"■'■.— 

9) n(an— S) .k"i"'«n'"«niu = 

""^.^r" + «r ''""/,;.?-."" + »." ''";i::'-'.""'' + ■ • + »;-"«»•.". + Br. 

desiguautibua AJ,""', Bn"" fnnctiones ipsius kk iutegras rationales n»'' ortIini.s, excepta BJ,"', 
(juae est (u — s)". Forro e formula , unde profecti sumus , geuerali : 

.. " ■^ Y' -.,. = n(n — l)siiin~'>mu — nn^l + k^^iianamo + n(n+l)k*rin" + 'am u 
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patet , Ibre : 

5) B';"' = b;"i.\ + («n-t)'(i+'<')B;,'^;'* - c»n-v(*>»-«)(««i-4)k'B;;;i;". 

quiltus in formulis, quoties m>n, poni debet Aj,"" = 0, B^"" = 0. 

Miilato u in a -H iK' cum sin am u abeat in -r-. , in fonnulis propositis loco 

sin ani u poni poterit ^^J^^^ , unde proreoiunt sequentes : 



d',— 

d'.-r-; 



ac generaliter: 

6) - 



"' + B'" 
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44. 

(,>uum iavenlum iutaDlecedeDtibus, siquidem pouitur u = , expreis.sioDes 



per faasce: 



earuDKjue differentiaUa , secundtUD argnmeDtum n seu x sumta, lineanter exprimi posse, 
iam ex harum eTolutioDibas, secuDdum siuas vel cosiDtis maltiplorum ipsius x progre- 
<Iientil>u.s, illarum sponte demaiuint. 

Ita 



e formula: 




SkK 


l 1-, ' !-,• 


sequeDtes : 






, '(H^)'-»^ = 




*hH~J-'}^^ 




•{"+'•>("/- 'i^^ 




•{'■^'•'(^)--}^- 



4{»(S+lk'+Bk.)(ilJ _ 10(1 + l-, (■?i-)"+ 1 } *^''" + 



gilizedbyGoC^le 



118 

palel , Ibre : 

qui})us io formulis, quoties m>n, poni debet ^„"" = 0, ^^''"isO. 

Miilato u in u -H iK' cum sin am u abeat io -r-. , in formnlis propositis loco 

sin am u poni poterit ^ J^^^ _^ , unde proreoiunt sequentes : 



+ Ci+k') 



d'.— : 

d'--r-; 

A*.—. 

d4.__ 



"" "' di? 



sts+rk^+sk») 



ac generaliter: 

6) - 



- + A'"- 



-+*« 



'•-■^ 



-+ K'- 



^^^ + l'B'„°' - 
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44. 

^uumiaventuiu aitaatecedentibus, siquidem pouitur u = , expreis.sioaes 



per hasce: 



earumque differeatialia , secundtun argumenlam u seu x sumta, lineariter exprimi po.sse, 
iam ex harum eTolutionibas, secaadum sinas vel cosinas multiplorura ipsius x progre- 
dientibus, illamm sponte demaoant. 

Ita naaciscimur: 



iinain = 4{. . ^ — 

« w t I— q 

seqaeates : 

./SkKV», . tK. 



+ -<3^ + J?=^+ •! 



4{jO+.k.+Jk.)(il)' _ »(1 + t, (■^)"+ < } •^*'" + 
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uo 



«{8(3+SI,' + 8k-)(ii-j'_ 9M0(l+kl(H-j'+ »<j 

4J»(S+Sl- + Sk.)(if )•_ 5...0(l + l.)(l^)'+ 5.} i^l^ + 



/ SkK. i' . , gKT _ 
\ f / ' ~ 

2K 8K tK SE' ^(2qco»»i , 4q*coj4» , 6q'c*.i6i , i 

— ■- ;r-— -*t^r^ + -r3^ + ^-F-+'l 

jiequeiites : 

8.s(ii!ij*.;„..„,i^ = 

_,{,., (,+..,(ll/_.}^ 
_.{..,(,+„(MJ_.,}i^ 
_.{e..„+.,(^;_e.}JlS^ 

™(^)-— ^ = 
s„+,,.+sk.)(^)-(^.ii _ iJi..i£l)_„..(,+„(i^)- 

- 4 {S. 8(8+7 l.+Sl., (!!)■_ S..!0(,+k.)(-^)'+ J.} -3^^ 
_ 4|4 . 8(8+7k'+Sk.)(il)'_ 4..80(,+k.)(.^)'+ 4.} -Sl^ 

- 4|6. 8(8+7k.+8k.,(i!l)'- 6..S0(, + kl(-il)'+ 6.} -£^^ 
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ut 
in. 



ie<|iieDtes : 






•(^)" 






.{s3+Jl-+.k.)(-i5.)'- io(i+l-)(.^)"+ 1} -J^ + 
4{S(S+,SI'+Jl')(.^)'_ >..10(1+V)(ilj'+ J.| f^'' + 
4{»(8+sl.+5k.,(ilj'- ,..i„(, + k.)(.^)"+ 5.} j;^ + 
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leo 



.{5(.+«k.+5k.,(if )•_ r.,o<>+i.,(i!^J+ ,.} jSi^ + 



l f / '" "" " ~ 

,»,„... .,.„.4. 
t i-q- ^ i-q. 

.sequeiites: 

,.s(ii!lj-.i„.™i^ = 

_4{,.4(, + .,(il)'_r!-3i2i- 



I l_q. 

_4{4..(, + .,(^)--.j^ 

_4{s.4„+.,(iJL/-e.J4^ 
..s....(iH)-....„i^„ 

,„+,,.+,i.,(^)-(H..i^ - ^-^) - «'.•(■+'')(^y 

- 4{!. 8(8+7l.+8k.)(il)'_ 2..»(, + k.,(i5.)'+ !•} 1°"',' 

- .{. . 8(8+7k.+8k.)(i!L)"_ 4..»(l+k-)(^)'+ *J 1\'^*; 

- 4{6. 8(8+rk.+8k.)(.H.i'_ 6..!0(,+k.,(i5.)'+ 9.J J^^^ 
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in. 



seqoeDtes : 






-.-A^ + '°"+'''(^) -^ + -TT^ + 

.{8<s+«.+.v.)(^)'_ >oa+^-){^)'+ . ) -J^ + 

«{s(S+,«l..+SV.)(il)'_ 8'. 10(l+k.)(it.j'+ s<} V^*,' + 
.{j(S+!k.+Sk.)(i5.j'- 5..i(,(, + l.)(.^y+ 5.1 Jli^ + 
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IV. 



m 



.■ietjueiites ; 



/tKkV^K SE' 






-.{.., <.+v-,(i^)--,.}-i^ 

l \ ir / I 1 — 4" 

..,,4.,(^y 



»"+-+"->(^/(^- 4-) -•"■"+">(")■ 

8(8 + 7k'+8k>)(.^y 



- + '°<'+->(")'^=^+-^ 
- 4{. . 8(8+7k.+8l.)(^)*_ r.8o;I+k')(.^)'+ «■> Jj^ 
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- 4J6 . 8(8+7k-+8k.)(.yLy _ 6..«,(,+i,(.^J+ p» Jl^ 



45. 

Exeoipla antecedentibus propouta doceot, quomodo e formuUs 2), s), 6), 7) §. 4S 
erolutiones functioQum sin" am — ~ , ^ — inveniantur. Quanlitates AJ,"", B,'*', 

a tjuiltus iltae pendent, ope fonaularum 4), 5) ibid. successive eniere licet. At expre^i' 
siones earum generales indagandi quaestio, com nimis iUae compUcatM evadaot, quani 
ut eas per inductionem asse(jui liceat, panllo altius est repeteoda. Quem in £nem se- 
quentia aotemittimus. 

Noia est formula elementaris: 

X lin am V . coi •m u & tm u 



«n am [« + t) — na am (u — >) = 



1 — k>>in'imu 



qua integrala secuudum u, prodil: 

,, /*, f . - , , , li I 1 / l + kMnMnu»in»niT \ 

i/ t I * \ 1— kdnamuMaamv / 



E theoremate Tayloriano fit: 

id.iinamn d'.anunu t* d'.tinamu t' k 

—r. -^—17' nr+ a.. -nr + --| 

unde: 

y^du{«n.mCu+r)_.iB,m(u_,)} = 



08 
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FacJe enini couatat , posilo u = , et sia aoi u et geiieraliler -t-^^ — evanencef c. Hiuc 

aecjuatio l), etiam alleraeius parte evolula, iuhancabit: 

d*.*iaainu v' d*.*in»nu v* 

aa' 118 du* 11' 

linunutinaniT -^- •-- .Ha^ainuiin^nn v + •^(ia^aniu«ia>>in v + ■ ■ 

Forro aequaliooibus notis: 

lin un (u-f-T) -^ tin ain (b — ' 

»n am (u— t) — ^n aiii (u — v) = _ 

in se ductis, obtiuemus: 

S) nD*ani (u4''') — "n* am (u — v) = 
4 lin am n cos am a A am u . nn am t coi >m t A ai 



Xiinamv . co*«ma Aamu 



1 1 — k* fin* am u lio* am v 1 
il — k* tia* am u liu* am v| ilu dv 

Integratione &cta secuodum t, proveuit: 

y^dv{.in*.m(tt+Y)-«n'tin(u-v)} = 

Z sin am n CM am u A *m u . lin' am t lii 



t — k* nn' un u *ia* ain v (1 — k* un' am n rin* am t) d u 

Qna deouo integTBta secandum altenim elemeutum u, obtinemus; 



♦)y^<l"/dv {.ia'.m (u+, 



.)-Un'.m(u-v)J 



— -T^ iog (l — k' «n* ui u «in* am v) . 
E theoremate Tajloriana ftl : 

.in' .m (u + T) - Mn' «. (a-v) » 



J^.tin^Mnu V' 
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les 

aade: 



/"{■^ 



.m(«+r)-ii.' ..(«_,)[ = 



,1 d.lill*mu T* 

\ d« • n« 


■ + ^ 


■nn 


-^ 


-+^ 


*n'ainu 
dn» 




/-/•'•H 


'•»{«+')- 


««•«»(«- 


...}- 








.p»-.^ + - 


d'.«D',n.» 

du* 


n4 


■ + ■ 


d*.>iii>>i 

du» 


«lU 


"ni" 


■ + . 




— t|u<»» 


T* 

n4 


+--^ 


+ 


..}. 





sujuidem per characterem U'""' ralorem expresBioius — ■ '/*^J^' -' denotamus, (juem ob- 
tinet posito a =1 0. Hinc aeqaatio 4), etiam altera eius parte evoluta, iu haoc abit: 





d'.iiB*anu 


V* 




du* 


n4 


- f . 


("'■'^ 


+ U<«' 



His rite praeparatis, ponatur] 

uEEnau&u + R, HB^uiu + R, mu* am m ^ It, hb> ■n a + . . . , , 

ac generaliter: 

n° SB («11 un B + B, aiai un n + R, •in' aoi u + R, lia' •m u 4- , , .j" b 
un^amH + ^^'"•in"*' am u + R'^"^»"** an n + Bj"*»!»"**»» 

porro e rerersione soiei: 

u = lin am a + B, hb' am u •(• R, Hn' ■in n + R] un^ am u •)- . . . 
oriatur haec: 

•in am n = u + S,n< + S, u> + S, u^ + . . , 
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m — — 

ac sit rursus; 

.in" «n u = {a + S, u' + S. «• + 5, u' + . .j" = 

u" + S;"'u"*' + 5;">un + * + Sj""»»*» + . . . 

lam ex aequatione 1): 

d*.»!»»!»!! t' d^.siiianiu »» 

iii..mu.v+ — --jjj-H 'J^t g^H = 

sin ani u lin am t + — - »in* «m u sin* •m v + — . lin' aro u »in' im v + . . , 

evolutis V , V*, v*j cet. in series secunduiu (llgnitates ipsius sin am v progredieoles , in 
utraque aequationis parle CoefficiJentiL«Bi eiusdem dignitatis sin*"*'amv inter »e coni- 
paratis, provenit: 

Sn+1 
„,., . . B"l JViilnmM , „,„ d*..in.ttiu . d'".un»mu 

". ""'"" ■•" ""- ns.d.> "•■ ^- . ns.d... *;■•■ +:n3n+i)dn-" • 
Eodem motlo e formula 6) provenit; 

,„ .in'amu „,4i d'.iin'amn. ,., d'.nn'amu «P" — jin' »n. u 

"— ~nr~'^''— ~n07-^'°.'-~n67dJ-t -+ nr^.du— - 



s'" s'" sl^ 1 



(8 

E 6), 7) niulato u in u + iK' ae<|uili4r 

8) 



(8^+1)««'"**»^^ 

1 ,. ' 1- ' ■■ 



""° + R"' r"^y,,.+ .-. + ^ 



*) Fil eoim e noUtiooe pr«po»il«: «o* »m n => u' + S'"u« + 5"'u* + S'" n' + . . , unde eum «il V" 



d'B>ain**inu 



lalore n = . U"' = ntm . S'" 
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Quae suDt formulae, ijuas (jnaesmmas, gener«lttB, qaarum ope «iD^amn, — r-^ 

e sin am u, sin' am u, — : , — — eonitiHjue dififereotialibDs iuveuiuRtar. 

Adootalra hac occasiooe, ui>i Tice Tersa sin am y, sid* am v, ittn* ani r, cet. ae- 

CDndnm digDilates iftsios.x evdns, ^ f^mnjis i)f 6) erui: 

d'". «oamii 
' n(2n+l).<la*" " 

S^"mii ■mn -I- -^ 5jj*_|^j«io'«m ti + — Sj,*^.,»'"' ««> « + • ■ + --■ ■ mh'°^-' am u 



11) 



nC«ii+«)dii'» (ti. + l){ln+t) 
— -Pji rin'*mii + — S^_|«iii*»inB + — S^_^«n*im n + h ■ wb'"*" am u. 

Faaca adhac de iDventione ipsarnm R|^, S|^' a^iicienda mat. Posito mi am d = y, 
Rt e definitione proposita: 



-/. 



= y + i'.!' + B,)' + <>,r' + -. 



{ /"(■-j')(i-i'j') 

i + »R, j* + 5R. y« + 7Rj y* + . 



/"(l-l-Xl-k-j") 

' S.4.6 ^ 1.4 t ^ t •.« ^ t.4.6 

1.8.5.7 .. 1.S.5 1 

• "^ t.4.6.8 **' t.4.6 ' X 
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wive etiam: 






SB, = 


4" ('+'•> 




5.H, = 


-4!^- <'+"'• -^'' 




TR, = 


'•»•' n r iT '•' 


k'(I+k') 


«.«.« '' ' '^ i.j 




'•'•'■' riikT '•'•' 


k-d+k-)' + ^;^' 




«.4.6.8 '' ' '^ «.«.« 


UR, = 


1»5'-» ,. . .«. '•»■«■' 
1.4.6.8.10""'^ S.4.6.1 


k.(l+k,. + -i^ 


13R, = 


'•'••" (lllT '•'•>•'■» 


-"+'^+4^ 


S.4..1! "''' «.4.6.8.« 




cet. 


CBt. . 



sive eliam: 








SR, = 


-T- -■ 






5R. s 


,_i..«k.k.+ ii.k.. 






TR, =» 


-i..,k.k.+ -.,k.. 


1.S.5 

«.4.T 


k.. 


9R,= 


-T^-^ + TT."- 


i.j.i 

«.4.6 


^ S.4.6.8 



cet. cel. 

siTe deiiiqae: 

9R, = kk + -j-. kk' 

5R. =k«+-i-.tk-k" + l^. k'' 

,K, = k.+4...k.k.. + il.n.k.. + l±l. 

SR, = k. +i-.«k.k.. + -i;l,6 

cel. cet. 
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£x his quataor cjuaaiilaies R„ exprimendi mcMlis, modus aecuodiu repraes«ntati«aeai eaiiim 
satis memorabilem et concionam auppedilat, niq^idifn ititt4dncitar-(|uantitt.s: 



1.8.. tl . J. 8. 5. 7.9 . , 1.8.5.7 , 1.8.6 



l.t..6 1.1.3. 4. Z l.C.t.4 S.4.6 ' 

qna expressioae sex Ticibos secundum r int^ratis, obtinemus 






t.4...U t.4.6.8.10.S t.4.6.8.t.* 8. 4^6.«. 4. 6 ' 

designantibns C, C, C" Constaotes Arbitrarias. . Quibas conunode determinatis, prodit : 

J V f.ns ' 

uode vicissim: 

ISR, = - 



1-'J'(» 



eodemqae modo obtiaetur generaliter: 

[■"jnfrr— If 



It) (lm+l)B„ 



fnnm.di» 

Couferatur romiAeptatiuQCula (CreiU Uurnal V. 11. p. 228) iuKoripta: 

„Uelier eine besondei^ Galtuog algebraischer Fpnctionen, die atis c(m' Ent- 

1 ■ 

iiTricklang der Function (1 ~ Sxz + '*) entstefan." 

Inventis quaDlitatibus B„, per Algorithmos notos perrenitur ad eruendas quantitates B'"', 
S^* eas, nt sit: 

(i + R.. + R,<» + R,x*-i- ..]" = i + r;"i + r;"v + r;'"»> + ... 

R 
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porro iil>i |ioDijtiir: 

,-.jl+»,, + K,^+.R,.'+ ..), 
iial: 

'- = >°|i + s;"y + s;°' j" + K°'y' + ■■]■• 

quae cuDi defiDitioDe quaDtitatum R^', S^' supra proposita conveniunt. Fit auteni, 
posito : 

»(.) - 1 + E,, + »,.• + »,•■ + . ... 

e theoremntis a Ql. Maclaurin et Lagrange inTentis: 



si(|uiilem transactis differentiatioQibas ponitur x = 0. 



46. 

Fomiularam 6), 7), 8), 9), $. 46 lieoelicio Dancisciniur evolutiones gcDerales : 

/ JkK Vn+* , ,„., «K. 



1) 
R'" 



«o+l 



»',R'^' 



■j. .-■ /JKy— 1-1). I V i.i. 

^ ns ^ , ; '^ ndi^+I)) I-, 



vT»°» 



*>". (— J n»— (— j + iis— (— j - ■ ■ + IfS^+i)) i-f + 



/«kKV", ,„ «K< 
I I ... ..m 

1 ^^^^-. — 
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t»t 



"^-.("J- '---■(")••'• 



+ . . + (-y.«— I xr*' 



nt» ) !_,. 






(i=+i)d.." 






-+.. + - 



: ,„/M_y" — 'l « / , • (-ly I ,.[.•, 

•l.^ n» ^.■•^ Ha.+i) / i_. 



4{«-(il)"_ ''''■-■(„' ) + . . + .. l-"-?.!: .) j;^ 



noo+i) ) 



5T1'" /iiLl"-' ■ 

«" i— j - 55 + ■ • + ft(..+i) ■] -r=5^ + 



f— )■" 

4) Ljl1_ 



tK V" r 1 s^ 



-i-B-. /i5.y"-7il _ ii_^ _ vl^)"!-L + i- + ii. + . + »^ I + 

B- (iiLy-r* B-.fi5.y"-d.._L_ d-"-^^ 
— ^ " ^' + ^ - ^ :i^ + . . + — f2U_ 



n4.d,' 

,.<. rilL\ 



,1 °-''_" .> '— ^- / + I (_ir-.f-. | ,'. 

-■f 
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n(t.) ) i-^ 



.»/ °-'^ " I - -■ ,— ' ,.' ^ '■■,.. 

i nj ' n4 ~- 






£ fonnolis 6), 7)| &)y 9) §.46 aliae deduci possuDt, quae re6p«elu. fuoclio- 
num 005 ama, tangamn, d am u easdem partes agunt, (|uam illae respectu functio- 
iiis sin am u. Etenim e formula : 

siD ini|l('u, -—1 = co* co*m u, 

unde etiam: 

«a«n|k'^ — u); ^j = coi jun u. 

videmus, in formuliapropositis, ul>i pooitur -^- loco k et'k|' (K, — u)locou, abiresinamu 
iu cos am n, node laTeitiuDtur MUuIeB formnlae, (|uae ipsi cos am u reApandeat. Forro 
ex ae(|uatione: 

lin ain ■ n ts j iMig tm (a, V) ' 

patet , simul mutari posse u iu i u , k in k', sid am a in taug am u ; uude formulas pro 
tang am u eraimps. Ex hU deiotle., (|«ia - 

Mtangam Cu-f-iK'} = i Aain(u), 

fbrmulas pro A am u emere licet, qnae lurmulis 6) - 9) $. 46 respoudeiil. (.luibus io- 
ventis, methodo plane simili ex evolutiooibus fnhtHionnm: 
JKx , JKi gKi gK. 



a oobia propositift, erfdutioiws generale« deduci* funclionum: 
Qaae sofficiat addigitasse. 
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TrfinsfonnBtiones iiuigaeB senernm, in quag Eanetioiieii Ellipticas evolriiDUS, uan^ 
ciscimur, posito i x loco x et aclliibitia ibrmuUs, quas de retlactione argaaieQli imaginarii 
ail argamentnm reale in primis fundamentis dedimus. Qoae rero cum io promtu sint, 
hoc loOa diutius his oolomus immorari. 



INTEGRALIUM ELLIFTICORUM SECUNDA SFECIES IN SERIES 
EVOLVITUR. 

47. 

Integrata formula snpm exliibita §.41. i): 

/ nK y . , tTLx __ »K_ t^ _ tK_ tE^ _ ( 8qco»t» 4^°co»4. 6q»co.6i | 

inde a X =s nsque ad ^ = x, pwTenit : 
/akK\'/?', »K. 

I 1 / nn' un ■ . d x = 


I 4K tK 8K 8E' 1 f qMii«« g^Hiiti q'»lo6» q*jin8» 1 

t K w « « r~ Mi-q» '•■ 1-q' ■'' 1-4" ■*■ i-<i' "'"■■r . 

Designemus id sequentibus per characterem: . Z| ^j expreasionem : 

l l-q' ^ l-q> ^ l—r ^ !-,• ^■■•)- 
E CI* Legendre notatione crit, posito =d, $ = amu: 

Fonctionem Z (u) loco ipsias E ((p) in Analysin Functioaum Ellipliuarum iutro- 
ducere conrenit; qaam ceterum ope formQlae 2) ad terminos Cl" Legendre usitatos re- 
vocare in promtu est. Adumbremus paucis , quomodo ex ipsa erolntione functio- 
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nis Z, quain fomHil* l) MppwlUat, oonplures mqs proprietates , et«i imus, deri- 
vare Uoeai. 

Mutetur inl)xtnx+-^, prodit: 

uDtle : 

iLzfi^L) - «-zfiii. + k) = .{Ji:i!i + J^i^f^L + iiiiiiL + , >. 

«V«/ icV« / I *— 1 l — V I— q" / 

Porro mutetDrin l) x in Sx, ^ in q*, simulqiK^in V, K in K.'", proHil; 

ir I. ir ■ ^ ( 1— 1|« I— q" * — q*' ' 7' 

uude: 

il z riii-^ _ i£l z/iH:ii, k".'l = * I ■<"••'• + i""°' + '■'"■'"'■ + . .1 

«\«/ *\« / t 1— q' 1 — q* 1— «1» t 

At supra iDTeDimua; 

«tlt . «K. ( /7.h. /?.i.i. /?.i.5, 1 

« ( i_, + !_,. -f j_^, +-J 

unde mutato q iu (j*, x iu 2x: 
HiDC se<|uilur: 

., «K/„/«K,\ .,/«K. . „\1 4k'"K'" . /4K'". ,^„ i 

•' " ^(^)- ^K^'-)» ^-.(^- -) 
" ^^(^)-^ "^(^+^)-^^(^'-)="- 

In quibus formulis, quarum 4), £) transformationem functionis Z secuudi ordinis sujv 
peditant, est: 
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uti de truBforBMtioDe sMimdi ordinis, a Q. Leguadre propoiita, cpmtat. Unde fonna- 
lam 8) ita quoqne repraeseotare Ucet, posilo a = : 

6) Z<n) — Z(B+ig = k*riawii n .itn^m V. 

Foaamus breritatis causa: am|— ^^1 ^, k™'| = $'"', e formula 4), posito suc- 

cessive k'", k'*', V"r ■• loco k; Sx, 4x, 6x, . . locp tc, [ffo4it = 

7) K.Z(u)= f'E{*)— E'F(*) = k"'K'"*ia^'" + V*'K<«'Miip«» + k<«K'»>MB^">+ ... 
(joam dudit CI. Legeudre formalam. 

Simili modo, e formula §'4l: 

« - " - id-i)- ^ (i-j-y ^ (i-«- ^ (1-1')" ' 

qaam etiam hunc io modum erolvere licet: 
comparata ciun hoc, qaaqi Mipni inrei^mas; 

prodit: 

«) »K{K — E') = ^K)* + «(k^iK"^)' + 4(k'»>K'*')' + 80i"'K<'>)' + . ., 
quae cum ea copveait, quam CI. Gaut» dedit ia Commmt. Dfiterminatio jittractionia 
cet. §. 17. 

48. 

Eadem faethodo, <jua $.41 eruimas erolutiooem expressioois | j aia^am , 

iD(|uiramas ia expressioDem i Z ( — ^j j iu seriem evolveadam. Pooamus 

m'H^>m = ■'{-^ + ^ + ^ + ■ ■ r 

= sik + A'cp»«»+ A"co»4» + A~co»«i + ...J, 
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(jQam expres«ionem proposilam induere vixHemas formam, dam loco 2 &in s m x sin 2 m'x 
uliique ponitar cos (m — m')x — cos (m+m') x . Fit primum: 

A = 1' + 1' 1 ■1' , i* . 

a-qT ^ Cr-q')' ^ d-q")' ^ (t-qV ^ " " ' 

Deinde generaliter obtinemus A"" = 2B"" — C'"', siquidem poaitur: 



-'=^ + - 



a-q^a-q'"— ) o-f)a-q'"-') (■-q"'-)a-q'j ' 

1d .siDgulis haram expresiiioDuin termiDis substiluatur resp. : 

q"*" _ q' ( q" _ q'"*" i 

a-q")»-q"'*") i-q'" ( i-q" i-,"—i 

a-q"')^-?'"-"') i-q'"ii-q" ^ !_,■.-« T ;■ 

prodit: 

B'- - 1' I 1' + 1' + 1' + l 

" --nrT^U-q- + l-q< + l-q- +•■■/ 

,. ( ,..>■ ,..>. ,.... I 

l-q" \ 1-q'"*' ^ 1-q'"*' ^ l-q'"" ^ ' ' •/ 

- 1° /_3l_ 4. 1' j. '• J. J. _£!_! 

- 1-q'" U-,' ^ l-q. ^ !-,• ^-T 1_,-/ 



l — q»" 1 — q"" l 1 — q 1— q» 1 — q» 



unde: 



A*-" = »8'" 



, _ (— Ijq" «q-" _ «q" ■ q°(l+S'°) 



(!_,'")■ !_,'" ^ Cl-q'V 

His coUcctis, iuTeuitnr erolutio cjuaesila: 

•> (^)"K^)K^) = - - »{^ -^ ^ + ^ + ■ • ■} 

I ,a+,-)c..». ,'a+,.)ni.4. q.a+q^«o.6. . 1 

+ '\ — (ui5v — + — iT^- — + — (T^ — •*••■;• 

Insam A 1= ,. ^. -(- ,. ''^., -*- .. **_■■. -»-... cam etiam hunc in modum evol- 
^- (1— qj (.— q^) (1— v)^ 

vere Kceat: 

*- 1_.' + 1^.. + 1— q. + 1— o- ^ 
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iDTenimtu e $. 4>. 6): 



/*Kl' ./«K\/1E 
«J 8A = - 



Porro aDtem cotutat esae: 

— f(^)/^K^)^(^)- 



integrata enim aeqaatioDe l) a x = osqDe &d x = -^, teimini omnes, praeter primura, 
evanescDDt; Dode si Ct* LegCDdre DOtatioiiibu.s ati placet: 



f • (r-Em-ET(wf _ 



(J— l-jFT-F" — »F"F'E" + ~ 



quae est Integialia defiaiti satis abatnui detenninatio. 



INTEGRALIA ELLIPTICA TEHTIAE SPECIEI INDEFINITA AD CASLM 

BEVOCANTUR DEFINITUM, IN QVO AMFLITUDO rARAMETHUJI 

AEQUAT. 

49. 

ADtequani ad tertiam speciem Inlegralium Etlipticorum iD seriem evolvendam ac- 
cedamus, paDcis, (jaae Theoriae illomm adiicere coDtigit^ seorsim exponemas, idque 
fere ipsis sigois Claro eiua autori nsitatis. Mox idem novis adhibitis denominationiliDK 
proponetur. 

Pi-oficiscimar a theorematibiu qDibnsdam notis de speeie secuada IntegraliDm Ellipti- 
corum. Fit : 

/ j, 1 j. ■ f -_ 1 — » limmn . «w wn » . A >m » 
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unde : 

., '>t ■> I •. 4unama . cosama . Aama . sinamu • coiamu . ^amu 

|l — >k'*m*«ma , 4i>'amp|* 

qua iDtegrala fbrmula secimdDm a, prodit: 

1) /■du.{™-™(u+.) - .in'.n,(.-.)j = '■■"■.■■^■■■...a.... .!■■„„ 
u/ ^- ' • — ■ un ama . iia am D 



uti iam supra iDTCnimus. 

Fonatnr: amu=(p, ama = ii, am(u-+-a) = «r, am(u — a) = -9-, erit e uota- 
tione Cl' Legendre; 

ky^du. dn'ainu = F(^)_E(^). 


unde etiam, com sit F(<r) — F(«} =F($), F(4)h- F(»)= F($): 

k^ydu . .in'am(u+a) = F((I)) _ E(») + E(«) 


k'/dn . »in'am(a_») = F(*) — £(») — E(«). 


Hinc aequalio l) in bauc abit: 

.) !E(.) - (E(,) - E(S)} _ "•■■-»"-A...i..-t. 
^ ' 1 — k' nn' « . nn' ^ 

Gommntatis inter se u et a, abit aiD<p, •9'iD — •&, « immatatum maDet, unde 
ex l) prodit: 

• ,E(,)-{E(.) + EO)), ^t^^'^- . 

uoa addita aecjQationi l), proTenit; 

% E(B + E(«)-E(.) = k'ra. .«.».«... 

quo<l est theorema de Additione fanctionis E, a Ci. Legeiidre prolalum, L c. Cap. IX. 
pag. 4». c'. 
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iDtegralia formae: 



k^iiD^K, (in'fiJA(i^} 



ucuDdum eam, qutun Cl. L^eodle imtituil, Integralium EUipticOnui disthbutioDem iu 
sp«cies, speciem tertiam coDstitaant. Quaatitatem — k'sin*«, ^am per n desigaat, 
Forametnim rocat; noe ia seqaentitnu ipsum aogulum » Parametrum dic«mus. Qm 
Integraliom, muItipUcata aequatiooe 2) pei' 



ip _ dff _ dS> 



ac iotegratioDe iostituta a <p = usque ad (^ = .$ , quo &cto ipsius a lioiites eruat : a = 
•r = ir, ipsius ^ limites : ^= — », -& = '&, expressionem emimus seqoeatem: 



AP) 



J (l_k'.m'...b.'?.)<l(») -"WJ'W J 4(,, V 



Facile constat, cum sit E( — (f ) = — E(*), esse: 

/ E(»).J» r KIW ■ ■»» •„ r '(»)■''» 



unde cum sit: 

/ E(ff).dy _ ri 
A(.) y 

« 

a 9 

/ EQ) . j> r E(w ■ ■"ji _ /* E('ii).in> „ / ' g(w ■ '* _ / *'(«■ JT 
AO) °V l(« "f f») •< ''(♦) / 



«(«■•l» 


/" 


A(« 


y 




E(« . d» 


-/ 


a(« 



B(0) . d^ 
A(») 



* 
nacti stunus norum ac memorabile 



THEOREMA I. 
Determinentur anguli S', <r 'ta, ut »tt: 



S 2 
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erit : 



%'lp . iip 



^ 

ita ut teriia species Integralium Ellipticorum , quae ab elementis tribus pen~ 
det, Modulohf Amplitudine ^ j Parametroctf revocata sit ad speciem pri- 
mam et secundam , et Transcendentem novam 



f 



E«>).<lip 



quae tantum a duobus elementis pendent omnes. 
50. 

Fonamoii F(«2) = 2F(»), quoties <^ = «, &t a = »^, -^=0, qoo igitar cesu 
e theoremale propo»ito Qaaciacimui' : 

11 f ^'^■'CO'«'^«-'i"''P-'"?' _ PMEM - -L / '^iP)-^P 
^J Il-k'.iii'«.«n'^)A(?)) " *"^ »y A(^) 



Quae docet formula, in locum Transcendeutis novae substitui posse et hanc: 

y' lin' Ifl . d fi 

}I-k'«n'«.Hn'^Ji(*) • 


qaod est Integrale tertiae speciei definitum , in qao Amplitudo Fdrametmm aequot , quod 
igitur et ipsam taDlam a duobas elementis pendet, a Modulo k et qnantitate iUa, quae 
simul et Parameter est et Amplitudo. 

Fonamns 2 F (^) = F(^) -|- F(«) = F(ff), 2 F (^) = F($) — F(«) = F(-9). 
erit ex l): 

\^ rEmjjP_ _ -,,-,, /•'' k'Ai^cw ^a^.,in'g.d» 
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quibus iu theoremate^ §° autecedeote proposilOj sabslitutis formulis, obtiuemus se- 
(jueas 

T H E O R E M A II. 

Determinentur anguli ut ^ itci> ut sit: 

,, , FM + rw „„, ._ FW-FW 





F(y)EC,) _ FCm)EO>*) + F(«)E(«) + 

lc*siiiucoi|U,^u ,/ . — 2! — _ 

y (l-k'"i>>.rin*vja(v) 




qitaformida Integralia tertiae speciei indefinita revocantur ad dejinita, in 
guibus Amplitudo Parametrum aeguat, ideoque quae ab elementis tribus 
pendebant, ad aliaa Transcendentea , quae tantum duobus constant. 

Comniutatis iuter se « et <p, «bit ^ va — ^, v immutatam niatiet, nnde cum 
insuper sit: 

y" E(y) ■ dy ^ r 'E(ip).av 

e theoremate I: 

|l-k*«n',.««'»(A(») ''^^ ^■' «/ A{v) 
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obtiQemus : 

Hinc, suLductioQe facta, proclit: 

Z' k'iin«coi«A«.»iu''y . d» _ p h'iiiiyM>s»Ay . iln'». d« _ 

V {l-t'sin"«..in'<fiaC./') y !l-k'sin>.»in>«)il{«J ~ 



F(^r)E{«)_FC«)E(y); 

quae docet formula , Integrale tertiae speciei semper revocari posse ad aliud, 
in quo, qui erat Parameter, fit AmpUtudo, quae erat Amplitudo. fit 

Parameter. 

Ubi iu formula 2) ponitur <p — ~, obtinemus: 

/z k'iinK C09 R Ab . lin' u) ■ dw i_ i 



Formulae 2), S) cum iis conveniuDt, quae a Cl. Legendre exhibitae sunt Cap. XXJII. 
pag. 141. (n')L, (p')- 



INTEGRALIA ELLIPTICA TERTIAE SPECIEI IN SERIEM 

EVOLVUNTUR. OUOMODO ILLA PER TRANSCENDENTEM NOVAM 

COMMODE EXPRIMUNTUR. 

51. 

E fonnula: 

.iu'>mi^(x-f-A) — *iD*un — (1— A) = 
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quae Qx ftlwwfntia ooa&iat, eruimiu iategrando: 

1) ily"d.,{™'.n,^t.+A) - «.■.m,i5.(,_A)} . 



lun dedimiis $. 41 formnlAm: 

1_,- "^ 1-q' 



/_SkK y . , tK. ^^ »K tE ( aqco.g. 4q'co.4, . 6q'co.6. 



uude : 

I 1 jnii'»m (.+A — sm*.m («— A)l = 

( Jqto.«(.-A) 4q-co.4(._A) 6q-c^6(.-A) 1 

l l-q- "^ l_q» "^ 1-q- "^•■| 

_ j I «qco.«(.+A) 4q'co.4(.+A) 6q'co.6(,+A) ( 

l 1-q" l-q- "•■ l-q- "*■■)" 

„( tqMn«A.in«. 4q'.;n4Awii4, ' 6qirin6A.in6. ) 

i 1 — q' ■*■ 1 — q< ■*■ l_q- "*■■■/■ 

HiDC fit ex 1): 

«KA SKA . 2KA . , 



CO..I. + 4; -~Y1~^ 



I q.mt(.-A) _^ q',in4(— A) q'.i.6(._A) 

1-q. ■•" l-q. 



I q.in8(.+ A) q',in4(.+A) q'.in6(, + A) 1 

-'i — r^ — ■*■ — rr^; — ■•• — n:? — "*'■■}- 

I qihiSAcMSi <|'rin4Aeo»4-i q*niifiAe««6a , t 

( 1— q' . 1— q* 1 — q" J 

ul>i ita determiiiari debet Conatnnt, nt expressio proposita pro x = eTBDescat, uode 
e $. 47. l): 

l 1 — q' 1 — q* 1 — q* I » V ir / 
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Formula l) a x = us(|ae ad x = -^ iategrata , cam prodeat ~ . Const. , reliqais eva- 
nescenlibns temitnia, posito = 8/ = u, eraimus integrale definitum: 

/^ k^ilnainacoiaina Aama . ain^amu . du rr n i 
■ r i ■ ■ ; - v :-;-— = K . Z (•) , 



tjuod idem est atque S) §. 60. 

Designa))imus in sequenlibus per characterem n (a , a , k) Geu brevins per n (u, a) 
integrale: n(u, a)*) = 

II y 

/|[°tin»mac o*amaAama.»iti'amu. dn _ /~ k*«n« w>j« a» . jin*y ■ dy 
r^li'Mn'amu . sin'v ^/ t^ — k*iin'« . iin*7>f A(y) 



st(itii<Iem <J) = am u , a = am a . Qnilius positis , aeijaatioae 2) mrsus integrata a x = o 
usque ad x = x, prodit: 

«K. /«KA1 ( ,CMi(— A) q'co.4(.-A) ,'ct.6(.-A) ( 

-T' V^l~ l 1-1' "^ sa-q') "^ »(i-q') ■^"i 

qcit. + A) ,'c..4(. + A) Vc..6(. + A) _ 

■^ l-q" "^ »(l-q") SCl-q") "^ ■ ' 

SK. ,/!KA1 .( q.iniA.i.t. , ,'«i,4A.m4. , ,'.in6A.i.6. , i 

-r-'l"-r-;-M r:? ■^- m-r) + sd-,-) +•■/• 

(luae est iDtegralis Elliptici tertiae speciei eTolntio quaesita. 
U1>i adnotatur erolutio nota: 

- l.,(l-.,C.... + ,-) = .{qc!. + Jli^ + Jl^ + -i^ + . . .}, 



/du 
— ■ ■ 1 ■ X ' / ' • ■*• "*' V""^ ■ 

O 
hu ttl n(u, »), il)i cril: 

~'rill " ''^^^ "** -^^^^^n(-t'«n*«. V). 

Quod ugnum fl n* ciiet ligno multiplicalorio II, Mcpiai » nobis adbibito, commulctnr, 
debcl. 
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Tidemns fonmilam S), alDguUs e^c^alis denominatoribos 1 — q*, I — C|*, 1 — q*, cet, 
hanc iadnere formam; 

""(^■^)= - ' 

IK. -/«KA^ 1 / (l-«,...t(.-A)+,-)(l-»q'».«(— AjH-,-) ... , 

. l . i"*" t ^t (l_J,«o.«(,+ A)+,>) (1-«1'"'«('+A)+*') • ■ • I ■ 

52. 

lDte°rata fonnala l) $. 47: 

l!Lz(^) = tiJ^+-:^ + -l^ + ...] 

1, \ n / ( 1— q* l— «i* l-q* ) 

a X = asqae ad x = x , prodit : 

i|L/;(i^).a. = -.{:^ + ^+^ + ..) + c„,. 



= loglCl — »qco.«i + q')a-tq'ei»tx + q*)(l— iq'«).«x + q"J . . .( + Con.t. . 

ubi Corutofu ita, detenninata, nt pro x = eTanescat, fit = 

'l-ri? + Ti^ + -5(i« +■■}=- "■«'<'-"<'-"'•«'-•' • ■<•■ 
ideCKjae: 

,H /•'/SK.\ . . ( (1 — i,o,.».+q')(l — 8,'CT.«.+V)(1— »,'C»l». + q") . . . ) 

" —J H-r) ■'" '•«( Ki-DW-qia-q')--!' / ' 



Designabimiu in poaleram per characterem ©(a) expresaionem ; 

yz(.).a. 

8(.) = «(0).» 
designante ©(0) Constantem, qaam adhnc indeterminatam relinquimas, damcommoilam 
eius determinationem infra obtinebimus; erit ex 1): 

/ «K, \ 

[~7~ l (l -«qeM«.+q')(l-«l'<^'»«'+f)('-''l''"''+l'') • ■ • 

' — »m ia-q)(i-q')('-q')--f 

T 
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unde fornmla 4) §. 61 in haoo &l>it: 



•("<■+*)) 



fiiquidem iwoitur: ■■ ■ = ®'(°)- 0^^ ^* commoda «xpressio Jntegrati» Klliptici TT 
per TraoscendeDtem novam 6. 

Facile constat, esse e(-*a) = 3(u), unde coramatatis inter se a et u, e S) 
prodit : 



(juibus a 8) subductis, fit: 

4) n(u, .) _ n(., t.) =. uZCa) - .Z(d). 
qnae eadem est atque fbrmula Z) §. 60. Hinc, posito n(K, a) = n'(a), eTauesceule 
n(a, K), Z(K), fit: 

n'(.)»KZ(.). 
quae est Cl Ijegendre, qnam snpra exhil>uimus S) §. 50, fomiula. 

Posito u =: a, e S) fit : 

■■«^ij "^'' ~~i""*' e (0) 
Videmus igitur, Transcendentem noram sire per Integrale J~ ^ ' * defintri posse ope 
fbrmulae : 

/a..z(.) /^-BW-E-rw ^^ 
•' »(1)1 "■ ■• • . 

^ire per Integrale definitum tertiae itpeciei ope formitlae: 

7) »(«•) _^»»zw-«n(...i 
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E formula 5) naaciscimar: 

nnde S) in haac abit formulam: 

,„,..,_„., + :;=i..(^)_^.z(-+i) 
V-V) + "('4--r-)' 

qaae est pro reducllone Integrali» t.' »p. indefiiiiti ad deGnita, «tque cum Theor. U. 
§. 50. convenit. 

COROLLARI.UftL 

Uli iam snpra ex eTolutioniboA inTentis Algorithmos ad compatum idopeos deduxi- 
mus minus nt nova proferantor, qaam qno meliaa eamn) perspiciator nalura: idem rur~ 
sus agamus de ioTenta evolutione fuoctionii 

8(0) 

(l_tqt«.«<+«i')(l— «q^coitK+VJ^l— «Vw^^+^"; ■ ■ • ■ 

l(i-q)(l-i')(l-q')-.-l ' 

Qucm iu fiQem antemittamiis sequeidie.. 
FoDatur productom infiDitnm: 

■^ " ("i+r)(TM=") ("!+?") (!+?■) ■ ■ ■ 
xiqaidem ileratis ricibus substituitur; 

(!-,•) = (l-q)(l+q). d-q') = (>-q')!l+q'). d-q") = (l-q')(l+q') 

prodit: 



T t 
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=('-)('-)'(^:)'(4^)'(4i^r- 

unde videmus, fore: 

1) T = (i-q)a-q)* (i-** (i-q)* (i-«0'^ . . ■ = (i-q)". 

Sire «tiam.cum sit: 

T = to) firslj' Ci=3l)* Ci:i3l]« . . . 

= (.-.)(4^)'(4ff)'(4ff)'-. 

fit T = (l— qjt'^, uode T=(l — cj)'. 
Ex 1) fit: 

- -'-(4f5-)'(4ff)'(4^)' - 

qna io formula loco q successire pouamus q , q', q', q*, . . , et iDstiluamos iufinilam 
multiplicatiouem. Advocata fonnula supra exhibita': 

yv=(4^)(4^)(4f^)(4^)-. 

prodit: 

siqnidem designamus, ut supra per k""' quaatitatem, quae eodem modo a q" pendet atqae 
k' a q, sive Complementnm Moduli per transfonnationem primam n" ordinis ernti. 

Forro invoDimus §. 36: 



{a-q)(t-q')(i-q*)a-q') . 



n: 

— »rK' 
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Posilo m=l, n = k'i " ^ — = m', /"mn = ii'; — 7* — =i m", /in'n' = n", 
cet; notum est fieri k"''^ — T» k'*''^-^, k**'=:-^, oet., unde: 

Hinc etiam flait, designante /» = -^ limitem commuuem, ad quem quantilates m''*^ 
n'''' coQTergont: 

1 f 16inii S m' S m" S la'" i 

S) K--T-l«« ' ° +-^lH° + 4-11^+ i-H-^pr + ■■■]. 

Xf4 l mn— nD Xn *n 8u f 

quae fbrmulae computum expeditissimnm uippeditant. Oocet S), quomodo ex eadem 
quantitelam serie, qnam ad iuTeniendom Talorem fimctionis K calculatam haboe deltes, 
ipsius etiam K' valor fxiDfestim proreniat. 

Formnlam s) transformanns. Fit, at notum est: 

., l-kc» . «/^ ^ , kk 4k"> 

'- H^' ^— n:kJ^'^-Tr--F??r^- 

Hinc obtinemus, siquidem iteratis ricibas simul loco k substituimns k'*' atque radicem 
qnadraticam extrabimus: 

{^fH-m-t 
ra*{-}'-{^}' 



node pQsito p = 2": 

^•{-'}'{-}'{-}'-{-}*={^}*- 

— >rK' 
K .1 k^P^tP' \i 

Hinc ridemns e formola S), q = e limitem fore expresaionis i — ^ — | , cre- 

sceiite m sen p in infinitnm, quod est iheorema • Cf Legeudre inTentnm. 
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Nec pon vel ipso intuitu formulae a nolm exbibila«; 

t = .,/VJ "+1''<'+l')a+T)('+q').. |- 
l a+q)(i+l')(l+q')(l+,') . . . / 

patet, neglectis (juantitatibns ordiois q'', fore: 

quoil cum dicto theoremate conrenit. 
lam iD formula iiosrra 

t l + q ) ll + q') tl + q-; •■• 

loco (( substituamus successire duplicem (loaotitatum seriem : 



et inlioitam instituamns mulliplicationem. Adrocetur formula $* S6 : 

(t — gqcojtl+q^j^l— tq'cw«.-t.q')(t— tqtco,2^.).,M) . 



^ (•+<q«»<'+q'>(l+<q>iioi<i+q')(l + iq-c«>.+q'*)... ■ 

ac designemns per A'^' expressionem 

^ (1— <q'cM<P-+q''')(l— «q^Pcotgp.+q^Pj^l— <q'Pco»tpt+q"PJ ... 

/^^77 (l+«ql'c<,.«p.+ q'Pj(l + tqJPc<,.ip« + q«P){l + Jq'Pco.Jp,+q"P) . . . ' 

proTenit: 

i!i..>»a..)li...ft _ (l-«qco.<. + q')(l-«q'co.».+ q-)(l-«,.co.«.+ ,-) . . . 

I (l-q)(l-q.) (!_,., ...(, ■ 

Factorem constantem, quem adiecimns, ,i_,,).(,_,^!y„_^.. , ex snpra ioventis si» 
eo determinarimus, quod utraque expressio, posito x = o, unitati aequalis eradat. 
lam rero inrenimns: 

V * / _ U— *q«««» + q'){l,— t.q'c(.if x+,«){l— iq»co.«x+q") . . . 
»(0) !(1— !)Cl-q')a-q')...I' ^- '■ 

uade 



..J.4..,A. 



' ' •' =a<.z.. . 

• (") 
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Hinc posito — = n , am n = $> et adrocatis {brmulis, quas CI. Legendre 

de traDsformatioae secandi ordinis proposuit, oaaciscimur seqaeds, cjnod computuin 
expeditum faactionis suppedilat , 

THEOREMA. 



Ponator am (u) = i^, m = 1 , n = k', d (<p) = v mmco8*(J) H- nnsin*^ = A, 
et calcaletur series qaantitatura: 

^•^ "■-*-■ _ ^-^ »'+■' ^" - ""+'" 

n' = V mn , b' «= y m'»' . ■" = y «i ». , . . . 
aa+ii'e' . A'A'-f 11'a'' ^ a"A''+n'^a'" 



/ ^F'B(y)-E'F(y) ^^ 
»(") A ^'^^l"^ ' /Al* /^l* 1^1* /'^"t'^ 

6(0) ^ Ur ■)n.'/ •(-."/ '\^i ■■■ 

Cuias theorematis ahsque erolationnm coDsidaraliooe per fonuulas notas ac iini- 
tas demonstrandi negotio, cum in promptu sit, supersodemus. 



DE ADDITIOKE ARGUMENTORUM ET PARAMETRI ET AMI'LITV'DIMS 
IN TERTIA SPECIE INTEGRALIUM ELLIPTICORUM. 

53. 

Formulam in Analjsi Funclionis 6 fandamenlalem , et cutuft nobis iu seijuen- 
tibaa frequeotissimus usns «*it, nanciscimiir consideratione seqneBtc. EtmiDi qnia po- 
sttum est: 

n(ii , a) = / r,-r^ r-j . 

V I — k wn ama . iin amu 



fit: 

Jn(u, a) _ li'wBMPac««aBiaaama. *»»'»»■ _ 
dn 1 — Viin*wna . *ui*Bmu 
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Qaa formula secandain a integrata ab a = o uaqae ad a = a» prodit : 

1) J ^*' ' J ' * ' "" '^ J^lcsC^ — ydn'«ii»rin'*inu). 



Fit autem e 8) §. 52: 

' d« *'■'+ S ©Cu_a) « 0(u+„ • 

unde: 

/'. d. n(u, ■} . e(«) 1 1 

■>' a;; — = '«8-9(^-i-»-eeC"-.)--j-i««9(»+.)+i<,»(-). 



quibos snbstitatis, dum a logaritfamis ad numeros tranis^ e l) obtines: 

S) ©(» + .)«("-.) - { ^eo^' }V-f»io»,n„ . rin-,ma}. 

Formolam 2) ita repraeaeutare possumus: 

k^rinaniacoianiaaaina . «in*ainn _ 1 \ 
I_t.^..„.^„.^„ = Z(.) + -;-!(.-.) - -j-2(.+.). 

uude commutatis a et n: 

k*nDamiicManinAunn.«in*aina 1 i. 

i_t.^...„..i...„„ z(.) - -^Z(.-.) - ^Z(.+.). 

quibns addilis formulis prodit: 

4) Z(n) + Z(a) — Z(u+a) = k'rinanin . imama . rinaniOi+a). 

qoae est pro Additione fauctionis Z, atque conrenit cam formula S) %. 49: 

E(ifi) + E(a) — E(o-J = k'rin9i.rinot.rin«-. 

Fosito a=K, cnm facile constet ^aa Z(K) = II — L. — q^ prodit e 4): 

5) Z(n)-Z(u+fQc=k*rinamn.rincOMnn. 

((uam §.47 ex erolntione ipsias Z deriraTimas. Posito — a loco n, K u = t 

e formala 6) obtinemus: 

6) Z(u) + ZC,) = k'riBMnu.rinamv. 
Posito n = T = -^. fit: 2Z(4-)= 1— k'*). 
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FormiUam 5) inde a n = nMjne ad n = a integrenius. Cum sit / Z(u) . il u = 

•i 



9(K) 
sive; 

^ «K eu 
Fosito u = '— K , ernitnns e 7) valorem ipsiu 

unde 7) fonuam inilnit: 



9) 



9(u-|-K) a™. 



Fonnnlam 9) ex iuTenla eTolatione: 

\ ' I ^ (l-8li:o»«> + q')(l-«l'-»«i+<|')(l-i<-c«.«.+q"l . 
8(0) " |(l-«(l-,')(l-,i)...f 

facile confirmamu». Fit enim, mntato x in x -»-— : 

^[^^'^'V (l+«,co.«.+,l(l+«,'<».«.+T)(i+«,ic«.+,.1 . . . 



i(i-,)(i-,")(i-,').-r 

uude: 



K^) 



(1 — Sqcosfi + ^')(l— «q'ciM8l + q')(l— aq'co»ti + q»^ , 






quam ipum expressionem iDvenimas §. S5. = -pzz » nti debel. 

E formnla 9) expreaaiooes n^n-t-K, a), n(u, e+K) statim ad ipsuni n(u, a) 
reTOcamns. Fit enim: 

U 
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10) n(.+K, .) = (■i+K)Z(.) + -i-log , ' 
= (.+K)Z(.) + -i-log 



e(.+K+.) 



("4 
n(«,.) +K.Z(.) + -i-lc,, 



11) n(u,.+K) - uZ(,+K) + ---lc.g- 



a.o.(»+.) 

(..-.-K) 



(u+.+K) 



e(u+.) ^ 

A.m(u-.) 



uZ(.) _ k'.iu.n,. . «UCO.IU. . u + -_1„|5 
n(.,.)_k'.iu.»,.,iuco..u..u + -i-loj _ 

54. 

E fonnula fandamentali, cuius ope functio n per fuuctione.s Z, 9 deiioitar: 

I) n(u,.) = .Z(.) + 4-l.g.-|^, 

advocatis seqncDtibiu et ipsis in Analjsi functionnm Z , 6 fundaineDtalilras : 

II) Zu — Z(.+.) = k*Hn>ma.>iu.n...*in.in(u+.) 

III) 8(.+.)»(.-.) = {-2^^j'(l-k'.i.'.». . .!.•«».), 

iani facile fonnulas obtines et pro exprimendo n (n -(- t , a) per n (n , a) , tl (v , a) , (jnod 
vocabimus de jtdditione jirgumenti Amplitudiniet et pro cxprimendo n(u, a-f-l>) per 
n(u, a), n(u, b), quod vocabinnis de ..^(itZi/tone .,^r^wnenft' PorttmetrT theorema. Quem 
in finem adnotamus seijuentia. 

E fonnulis; 

n(.,.)- ..z. + ^lo,. *" 



n(...)= V.Z.+— bg. 
n(»fv, >) = (.+») z. + -1. tog , 

.^e(|uitur: 

1) n(.,.) + n(T, .)-n(.+,,.)«-l.iog 



«(.+>) 

»('->) 
»(.+>) 

9(u+v->) 

e(.+T+.) 



»(.-.). »(.■ 



«(.+>).»(,+.). e(.+v. 
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£xpreitsioiiem suh signo logarilfamico contentam: 

e(ii-i).a(T— ).»(»+»+■) 
»(«+.).»(,+»). d(u+»-.) 

ope iheorematfs fundamentalis III. duplici ratiooe ad fuQctioDfs ellipllcas rerocarc licet. 
Fit enim ex eo primnm: 

,.,._.,e.={^liii;pizi}-(.-.....„(^)...„(4._.)) 
e<.^,^.,,. ={2Mlgiili,-(._..,..„(^)..,..„(^ + .)). 

quaram formttlamm prima et qnarta in se ductis ac per secuDdam et tertiam divisis, 
prorenit: 

9[M-.).e(Y-»).e(u+T+.) 
^ e(«+.), ©(T+.).e(o+Y-.) 

{-"°-(^)-'°-(4^ - .)}{.-^-.^-^(4^)..v-(4^ ^ ■)} 
{,_,.....„(^)..,...„(i±i+.)i{._,..„...(^)..„..„(^_.)|- 

Sic etiam. quae est altera ratio, nbi thearcma fuailameutale 111. buDc iu rao> 

dum repraeaenlas: 

(9..e.>. »(.+., 8(._Y, 

\— 85— )- 



I 8(„-.,9(.-.H .. 

\ 90 /■ 

{ 9(.-h.)9(,+., !■ 
l 90 / 



.-k..i...... 


,l...mY 




e(«_,, 


. 9(u + v 


-«■, 


l_k..i...m(. 


_.)..i. 


•.m(Y_., 


9(._., 


.e(u+. 


+«.) 


l_k..i...m(«+., ..i. 


■•■.(,+., 


e(u+») 


■ 9(.+. 


-«.) 



f »..«(«+»— ) l'_ 

t eo ^ 1— k**iD*ama . «B'un(a+T — *) 



u J 



gilizedbyGoC^Ie 



146 - 

8(.+.).9(..+,+i.l 



■juarum fonanlarum rursus prima el «juarta iu se ducti, ac per secnn<lam et tertiam di- 
visis, extractisque radicikus proveuit: 

e(u-.).9(.-.).9(u+.+.l _ 
9(u+,) . 9(.+.) . 9(u+,-.j - 



r- I' — t'«n'.a(a+.)..in'.n,(, + ,)||l_^..^„.,„, ,i,.„,,„ ^.^_^^, 
|I-f«n'..,(»-.) . .in-.n.(,-.)Jll-k>«n-.ni. .an'.ni(.+T+;)|' ' 



Ut ex ipsis elemenlis coguoscatur, i|uomodo expressiones S), s) altern in alle- 
ram trAnsformari possint, aduoto setjueutia. 

U(ji iu formula, iam saepius adhiLita: 
loco u, V resp. ponis u-i-v, u — r, prodit: 

,in.mgM ri...».., — w',ni(u+.) — .in'«n(u — T) 

Porro dedimas formtdam ; 



jin'.m(u+Tj — Mn'.ni{u— ,) = J 



unde multiplicalioue facta, olitiuemus: 

4) l-l'.in'.ni(u+,)..i„',„(u_,) = j 



*inuii!u . .iu.m2T (1 — k'»ln'.niu . iin*.nivj* 
|1— k'.in'.muiil— f,i„..n., 
11 — b'.in'.nin.nn'.ni.J' *^' 



cuius formulac J>en.«cio formulae 2), s) iam facile Ak^ j„ .„,„„ ,,^„, 



E formula 4) adhuc dedaci potest haec generalior: 

5) Il->'"°',n <u.m'.ni.||l-t',i„.,|„„',j„.,„,., 

(1— k'*in'.mu . •in',mn'J(l— t'wu'.mT .,in»,ni.'j " ^ 



*) Nou cniiD ui fonnulie; «iaamSD = *"°*°"' ■ """"^ 
1 — k'uii*ii 
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At Cl. Legeudre eo loco , qao de Addilione Argumeati AinplituiIiuLi atftl, (Cap. XVi 
Coir^araiton dea fonction» eUiptiques de la troisi&i^ espice) eam, (|uae suh signo ioga- 
rithmico iureuiturj (juantitatem suk fi}rinB e:thibet Ituc; 

1— k'«iiiiip». «ioMna ■ »iii»mY ■ «ioaro(u+T — a) 

l-{-k*«ina>iia . Mii*n>u . «iaani v ■ sinain(u •{*¥+') 

(|uam iioQ prinio inlnita patet, (|uomodo cum expressiouil>us a noLis iufeutis sive s) sive S) 
conveoiat. Trausfonnalio Mtis al>stnua hunc io modom peragitur^ 

K formula elemeuiari, cuius freqaentiBsimam iam fecimus applicationem , fil: 

,,,, .■•.-(T)----(^' 

. . ,_ w„(^-.....(i±i_.) ; 



.-...u-,-(4i).i.-.„(i±i-.) 

(juikus in se ductis aequatiouibus, prodit: 

{■-'-"m-"(v)} {.-".-(^)— .(^ - ■)} > 

{'-— "■(4^)-"(V)}{'-— (^)-™(^-)! 

-.{.....(.^) _ .>..™(^)}{....„(^) _ ....„(^ _ .) >. 

Altera aequatiouis pars evolnta, temuais 

—- "(^^{-"'(^)^— (^-)1 
.....»(4i){.....(^)+.....(-i-.)f 

se muluo destrueutibus, fit: 

.+k.d...-(i±i).i.-.n,(j;^).i...„(i+i _ .) 
......„(i±i)-.......,(j;=i).:„...,(4i_.) = 

{.-......„(i±i)}{.-...-„.™(i^)....„(4i - .)), 



gilizedbyGoC^Ie 



158 

an'Ie taudem prodit: 

1 — k' 



— ^- — — " . I - .. I. . jl — k*iinaina . iliitmii . riBamv >initn(a^T— *)} 



.-.- '-. ■> 



■-^-°-(^)--°-"(^-); 
—"(4^)-™(^ -•)'■" 

Hinc mulalo a in — a , eruimas ; 

'-'■-'"•-(4-) . _. 

- .-..i„..„(^i.-..(4l + .) 

- — (^)— (^H' ■■ 

unde (livisiobe facta* 

1 — k'»inB ni >.->'« >niti . ■htMnv .•m«nt(ti+T— •) 

1 — k^ilaama . lin am u . «nam t . tinam(u-(-T + a) 

l-k'.ln'«n(^)riB».m(i±l - .) l-k'.In>.m(:i±l).in'.m(i±l + .) 

- i_k'.in»am(^i^).in'am(-:i±I + .j l-k'.in'.m (^j.in'a« (^liH - >) 

iioae est transformatio quaesita expressionis a Cl. Legeodre propositae io expressionem 2). 

Formtilam 6), posito n, a, t loco ■ ~ -'-, ~ — , —5 a, ita quoqne reprae- 

sentare licet: 

8) 1— k'uiiHn(.-t-ti).rin.m(a — n) . «>nam(a-|-T} . linam^. — t) = 

tl — k's\a.»im»i tl — Vtia' »1,11 . Min*amit 

{1 — k'un'am. . Hn'.muJ (1 — k*un'«m. . nn'amvj 

unHe formula i) ut casns xpecialis flnit, posito a'=:r. 
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K foruiulis.^* aulecedeutU l).,. S)(, 8), 7) sftjuitur: 

I) n{<i.,)+n(v. .)- n(u+v..) = 

^^ {.-w....„(y).^.^(^ - .)}{.-.w..(^)...-..(^ ^ ■)} 

• ""■ {■-i..i..™(izj:).,..„(^ + .)}{,_iw..(4i)..i....(4i-.)} 

1 tl-k'Mn'.m(u + >).,in'.m[v + ,ll[I-k'in'''»«'»».*»w(u + Y-.)) 

4 (1 — k*iin'.m(a — .) . iiD*.rQ(v — >)) Jl — k'iin*Bm« iin'.ai(a + v + .)) 

1 I — L'i!nam. . nn.ma ■ tin.m v . iiDam(u + v — a) 

t ' l + k'tinam> . UDMna . unam v isinam^u + v + a) ' , 

qood est theorema de Addiliooe Axffimeotijiniftlitudini: Frordu& uatleai methodo investi- 
gari potest alteram de AdditioDll 'Arguiueuti Parameeri, at ope tfaeorematis de reduclioDe 
Farametri ad Amplitudinem, quod nobis snppe^tftrlt formala 4) §. 52: 

IV) n(o. «) - n(., a) = aZ{a) _ .Z(«). 
e formala 1 ) idem sponte £uit. Eteiiim e IV. fit : 

n {.. o) - n (o. .) = . z (u) _ B z {.) 

n (b, d) — n (u, b) = b z (u) _ u z (b) 

n{»+-b.o) _ n^o.u+b) = («+b)Z{n) - aZ{H-b). 

uude : 

n(u. .) + n{u. h) - n{o. «+b) = 

n(.. D) + n{b. n) - n(a+k. u) + m(Z(.) + Z(b) - Z{. + b)(, 

sire cum sit ex l): 

n(a,D) + n(i,. o). 



porro e II. : 

Z{*) + Z(b) — Z(a+b) = k*tinaiiii . lin.mb . uD.in(.+b), 
fil: 

t) n(n, .) + n(u. b) _ n(a. .+b) = 



. lin.mb iinui(.+ b) • n + ^^lug . 



l+k^iinamo . un.na . linamb > (inam(a+b+u) 

ijuod est theorema quaesitnm de Additione Argumeuti Parametri. 
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Alias eniimus formulas saU» memorabile» comiideratione «equeiite. Fit enini , 
theoremate III: 

I »(.-.). 8(.-t) !• »(.+,-.._b).»(.-,_. +|,) 

' »m / i-k- .»•.=.(«_.) . ^.■,„(,_b) 

I «(■+.). 9(i.+b) !■_ 9(..+, + .+b).8(„_,+._ b) 
' »(») I ■-^•«.■.m(.+.)..i„-.„(,+b, • 

lam e theoremale 1 erit: 

n(»..) + n(,. 1,1 = ,.?./.. + .7.fi..+ ' . 8(.-.).8(,_b) 

^ t 8(»+.).8(, + b) 

"("+•• •+« + n(u_., —b) = (U+.) Z (»+b) + (u_,) Z (_b) + 1|„ »(a+.-_b).8(.— ^) 

t ■"■9(H-.+»+b).B(.-,+.-b)- 

nmle : 

S) n(u+,, .+b) + n(u-,, .— b) — «n(o, .) _ jii(,, b) = 

(n+v)Z(. + b) + (u_,)Z(._b) _ I«Z(.) _ I,Z(b) + 
1 , l-k-.i.-...(u-.)..h-.„(,_bi 
S l — !.•«.' .m(u-l*) . .m..m(,+b) * 

«ive cum sit; 

Z(.) + Z(b)_ Z(.+b)= f.i..»...i..„b.ri..„(.+b) 
Z{.) _ Z(b) — Z(._b) = — k'.i..in«.ri.«nb..iB„ii(._b). 

prodit 2), s): 

4) n(.+,. .+b) + n(u_,, ._b) - !n(u, .) _ .n(., b) _ 

_l'.i..m. . «..„b(ii..n(.+b) . (u+.) _ ..-..,„ (._b) . (u_,)| 
, 1 ,.^ l-k-.i.'.„(.-.).i„..„(,_bi 

* 1 — k'iin'am(u>|-«)siii>tin(,^h} " . 

Commntatis inter se u et v, obtiDemus: 

5) n(a+v,,+h)_ntu_v. .-b)-sn(r,.)_tit(...b) = 

— Ii'«iiain. . «in.mb I.iinai(.+b) . (u+v) + Mii«in{._b) . (a_ v)j 
+ JLlog . ^-t'*i°*»'"('' -.). «in'Mn(u-b) 

« »— l''"n'.m(T+.).,i„'am(a+b) ' . . 

Additis 4) et 6) obtioemiis: 

6) n(n+v. .+b) - n(u. ,) _ n(u. bj _ n(v, .) _ ncr. b) = 

— t')inmn«rinMnbriD«m(a+b).(ii + ^ 
+ -rW{ ■-;;^-''°'("— ^''''''"(T-h)^ l-t'd,-«n(v— )ri,'».fn_bl l 

4 I 1 — ^•.in'.„ru....i.tB<.n.r.u.k. •* rrm — — . ■ M 



.(» + .) d.'.„(,+b) • "I- k- .!.'.„(,+.) A.-.„(.+k)-,' • 
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Posito T = 0, e 4), fi) prodit: 

7} n(u. a-Hb] -f- n(it, a — k) — fln(a. >) = 
— k*Miiamaiinamb(nnun (*+'') — «ni ■■•»(■— b)Jo + •— log 

8) n(a. »+b) — n(ii, «— b) — tn{u, b) = 

^b'dauDi«iiambf*inun(a + b) + «aiin(a — b)}u + ~l»g. 

Posito h = 0, e 4), 6} procht: 

9) n(u+r,.) + n(ii_T. ■) - tn(u.«) = — log. 

10) n(a+»..)- n(u-,.3)_in(v..) = -liog. 



l_k' 


(in 


■mb>in 


.m(u-.J 


l-lt' 


«Jn 


>mb titt 


«■(-+■) 


1— k» 


tin 


*m>>in* 


.m(«_b) 


! — L' 


lin 


"""*'" 


.m(u + b) 


l_k' 


>m 


■■» T j<n 


«n(u-.) 


1 — k' 


lio 


■m V liu 


.m(u + .) 


1-k' 


io» 


■mit.w. 


'».'T-^ 



REDUCIIONES EXPRESSIONUM Z (iu) , © (in) AD ARGUMENIUM 

REALE. REDDCTIO 6ENERALIS TERIIAE SFECIEI INTEGRALlUJt 

ELLIPTICORUM, IN pUIBUS ARGUMENTA ET AMPLITDDIKIS 

ET PARAMEIRI IMAGINARIA SUKT. 

56. 

Revertimur ad Analysin funclionDm Z , 6 , qn&rum insignem usum in tfaeoria oo- 
stra antecedentibns comprobavimus. Qnaeramus de redactioikB ex|n«ssioanm Z(in), 6(iu) 
ad argumentum reale. Idem primnm signis Cl" Lpgeudre usitatis exequeniur , deinde ad 
notationes nostras accommodabimus. 

Novimus in elementis §. 19. p&g. S4, simul locum hat>ere aequatioucs: 

""» = •-«*• ^ = z^y fw = ■>''*.'•)• 

ij.f(i+mii'») _ ii.)..^(», f) 

a(.f, I,-) a,-f 

imde integratiope facta: 

ip ^ , , . 

f^i„) . j, = i;«.f i(«.. k') +y-!yj^j. 



Hinc lll: 



dy . ii(cr) * 



gilizedbyGoC^Ie 



sive: 

1) E{<f) = iitgvAO/-, k') + F(^. V) - £(.;-, k')l. 

Mnltiplicantlo iier -r^ = tt-^ «* iiilesramlo eruimas; 
* i iCy) A(.^. k) ^ 



Ex Bequalione l) sequilur; 

F'E(y)-E-F(y,) ^ ^'tg^M^. t') _ {F-EC,,, k') + CE-_F')P(#. k')j. 

!am adnoletur ttieorema egregium Ct' Legeixlre ({lag. 6t): 
F'E'(k') + F'(k')E' _ F'F'(k') = S., 

imde: 

*F(.>.fc') 



F'E(V. k') + (E'-F')FC^. k') = -— fF'{l')E(v/, k') - E'(k')F(*, k')[ + -Ilii' 

F'(k') * f SF'fk') 

ideoque ; 

.^ F'ECy)-E'F(y) F'(k')E[./,. k'; _ E'(k')F(v., k') »F(v,, V) 

B) ~ = lgi;.i(V,. k) ; ; — 

iF» F'Ck') tF'F'(k:) 

E uotatiooe uostra erat: 

q>a=Miieil), V = «"nC''.k'). FCt) = in, FC./r.k^^^u; 

|:orro; 

F'E(y)-B^F(y) _ F'Ck')E(.^ h') - E' (k')F(V. k') , , „, 

F- F'(k') 

umle aequatio S) ila repraeseDtatur : 

4) iZCii.,k) = _lg>n.(u,k')A.m(o. k') + j^ + Z(u. k') . 

Hinc prodit iategraiido: 

y\iuZC,u, k) = logc<>*am(a. k') + J^ +/'z(u. k')d... 
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sive cum sit f Anl, (n) = log — - ^ - : 

'Forma]ae4), S)fuQCtioDesZ(in), 6(iu) ad argumeulum reale rerocnnt. 



57. 

Mutelnr in 6) u in u + 2K', prodit: 

«(.+«l['l' 

«(0) ^ «(0, k") 

sive posito o loco iu; 

»C'-i») 

1) e(.+«iK') = — " e(.). 

Ponatur in fi) u + K' loco u : cum sit 



8(.+K'. k') = ''•"!!!:''' . 9(., l'). y. §. 65. 9) 



prodit: 



8(i.+iK') 4KK' y-T- . , 8(.. f) 
g^^ . y i»„.mi..k, gjj^ ^.^ 

«(«"+K') 

•■^ /T. , ... «(i") 

unde posito ntnus n loco iu: 

,(K'-«iu) 

4K , — 

t) «(. + iK') = i. • k .in.ni(ll)e(»). 



*) Fit raim 0(ii+«K, Ii) = «(u), idMqu. rti.m ©(u + SK. k') = 9(u. k'). 

X : 
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SumtU logarithmis et clifferentiando, ex l), Z) prodil: 

8) ZCu+«iK')=^=^+ Z(u) 

4) Z (u + iK') = .=j^ + colgam (u) A»i. (u) + Z (u) . 

Posilo u=iO, ex l)-4) fil: 



l%fiK'}=—t 9(0), e(iK') = 

^^ Iz^tiK")— i ZCiKO^oo. 



Formulae l), 2) egregiam inremunt coDfirmatioDem e natura prodacti iofiiuti, io (jaod 
fuDCtioDem @ erolTimns: 

(1— gqcMti+q-Xl— aq^io»»»+<i-)(l— «q^wwti+q") .. . 



e(0) ((l_,)(|_q>)(l_,I.)...f 

|(l_qe'i')(l_q».'"^a-q'.'"') ■ ■! {(l-q'~"^ (l-q*«-''") (l-q**-'"') ■■1 
((l-q)(l-q')(l-,') ...) 

Ubi enim raalatnr x in x H--^» tjoo facto abit e'* in qe'", abit prodnctnm 

ta-q*"*)a-q'e-i»)(i_q'e»i») . . .j{a-q«-'*») (i-q'*— "oa— 1'«-'"^ ...I 

in hoc; 

_-i^{(I-,,.i»)(i_,.,.l^(,_,.e.lx, . . .Ji{l_qe-.i'Oa-q'«-'"')a-q'«-"«) . - .(. 

nnde : 



.(-..-)-^ 



Matato Tero x in x +- -^j^, «bit e'" in V^e^", unde prodactum 

Hl-1t**^(t~qU'")(l-q^t*"') ...JI(l-,.-.l«)(l-q',-.iX)(l-.,.e-.i«) ...) 

in hoc: 

(i-^'i»)({l_,'..i«){l_q.,.iX) ...){(l-q'.-.iX){l_,.e-.lx)...)« 

-^.«rin, (1 — «q'eM«. + q')(l-»q*eo«»i + q-)(l_q'co»t. + q") 
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Al (ledimas §. S6 foraialam: 

« ^ /X ' (I-»qco.*,+,')a_2,«M..t. + q«)(l-S,'c«.J. + ,») ... ■ 

uDde ridemDs, fore: 



'' «(— + ■") = y^jj: 



Formulae 7), 8) antem posito ~ z= n cnm formiilis 1), 2) conTeniaiit. 

E formula 9) §. 5S: 

»(.+11) = ^'^ .9(.). 



posito ia loco a, seqoitar: 

»( 
oiide e fi) §. £6 



V k <mmi(h. k") 



»(0) ~ /f ' ■ '■ «(0. k'> • 

sive e formula allegata 9) $. fi8 : 

gg.+K) _ Ar 4KiC e;.+if, >•) 

' »(0) V k' »(0. kO 

Hiuc sumeodo logarithmos et differentiaDdo o1»tinemuA: 

1(1) izr..-fK) = -^ + 2(.+r.kV 

58. 

Formiilarum §$. 56. 57 iDTentarum fiicilis Jit appUcatio ad Aualysin (imctioDum 
n casibn», qnilias Argamenta siTe AmpUtndiniK sire Parametri sire ntrinsqDe imagi- 
naria sunl. 

Demon&tremns primnm, expressionem n(a, an-iK') rerocari posse ad n(a, a), 
ande patet, positon = — k'sin*ama, inlegralia 
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alterum ab altero pendere ; qaod est iasigne theorema a CI. Legcndre prolatum Cap. XV. 



B'yia(v) 



liivenimus : 



nfu, a + iK') = uZ{»+iK') + JL|og-®^_J?+!i^ 
^ ' ^ > V T J T j 6 0(,+u+lK') 

Fit autem e 2), 4) §. 67: 

e(»-u + iK') _ ~K~ .iii»m(» — u) e (»— u) 
©(. + u + iK') ' «uam(, + u) ' ®(> + u) 

aZ{>+iK') = ■ ^'i^' - •*' "colgams Aaro» + uZ(»), 
unde , terminis —^ r^ se destraentiJms : 



Ponamus in hac formula ia loco a^ fit; 

— iAain{a, k') 

cotgam(ia)Aam{ia) = —: — p- '- — p— 

«mam{«, k^ci>jam(a, k^ 

fiDam(ia — u) ^amu — cotgam (ia) Aam (i^ tgamn 

>in«n(ia + u) "^ Aamu + cotg am (ia) iam (i») Igam u 

sire posito brevitatis gratia : 

A.„(.,k-) _ 

nn.Di(., l.')co..m(..li-) 
lit: 

tinam(ia — u) Aamti + i /Vlgamn 

«nam(i.+ u) " atmu - i v^»tgamu ' 

uDde l) abit in 

n^u.ia + iK-^-ncu.i, 



{jaae cum formula f) a CI. Legeudre exhibita cooTenit. 
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59. 

Alias formulas , pro reduclioue Argumentl imaginarii ad reale fuadameDtales , oli- 
tmemus e 9), 10) §. S7. Quarum primum ohservo faanc, qua Argnmenta.etAmpIitadinifi 
et Farametri imaginaria ad Argumenta realia reTocantnr: 

1) n(iu.i.+K) = n{u, .+K', o. 
(|uae hunc in modum demonstratnr. Fit eoim: 

"'"• '•+"> = ■"'"■+« + 4-'°« ei::;::tKS ■■ 

porro e lo) §.67: 

iaZ(i.+K) = .^^ + «Z(.+ll*. k'), 
e 9) §.57: 

eQ. — iu+K) /T 4X.K' ef. — u + K', f) 

»(0. k) ^ V k' ' e^, k') 

eO»+i"+K) ^ /k_ 4KK' e(.+u+K', kp 
9(0. k) V k' ° «(0, k') 

nnde : 

e(i. — ia + K) KK' Q(.-.u + K', k') 

e(i.+iu+K) ' e(.+u+K'. k') • 

ideoque, lerminis -^^ — ^^ su deslrucntibu.s , 

n(ju. i.+K) = uZ(.+K'. k') + x"^ eJ!+r+K''.^i = "'"• '+*''• '''*• 
<fuod demouBlrandDia erat 

Mutato in 1) a in — ia, prodit: 
8) nf.m. « + K) = -n{u. i.+K', k-). 

Formola l) facile etiam proLatur cousideratioue ipaius iutegralis , per qaod 
functionem n definiTimus: 

_ . . /^k*sin.m. . coa.m. . Aam. . itn*.n)u . du 

t/ t — k'i)n'aaiB . sin^.mn 
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y l-k'Mn'.m(;i+K)..in'.inC.«) 

Fit enim e formulis §' 19: 



nim Cia + K) *= «n c<»m(la) : 



AcwmC*. t') A»in(»+K'. k') 



coiamCia+K) = — 

a )m (i. + K) = Aco*m(ia) = k'iin«(nm(>. k') = k'.inim{i+K', k'), 

unde: 

ikk linimr» + K) co>«ni(i> + K) a*m(i> + K) = 
-k'k'wii.in{. + K'. k") cos.i>.(» + K',k')AamC»+K',k'). 

Porro fit: 

»in'.mCiu) — rg^am^u, k') 

l_k'.iu*Mn(ia+K).in'aii.Ciu) ~ l + A'MnC« + K', k') («'"nCu. k') ^ 

-»in'amCu.k-) ' _«D^m{n. k') 

co.« an. (u . k*) + A* »m CS^', V) .in'.m (u , k') " l_k'k'.in'.m{.+K', V) *,'.« („, k'j ' 

unde : 

n(ia.i.+K) = 

/ k'k'.in»m(. + K'. k') ■ co.am(a + K'. k') ■ A»n.(. + K'. k') ■ .in'an.(u, k') . du 
l-k'k'»in'am(a + K', k') .in'.n.Cu. k') "■ 



n(lu, i.+ K} = n(u.a + K', k'), 

quod demonslrandam erat. 

E formulis 9), lO) §. 67 simili modo atque l) comprohare possumus formulam se- 
quentem, quae docet, funcliones biuas Arguroenti imaginarii Faram«n'i, quanmi Modnli 
alter alterius Complementum, ad se invicem revocari posse: 
s) inr-.i.+K) + m(., iu+K'. k') = 

^^+ uZ(a+K', k') + ,Z(u+K. k). 

"Fit enim: 

inC«, ia + ty = iuZ(ia+K) + -i-iog.. 

inc». i.,+K'. k') = iaZCiu+K'.k') + -1- log 



9(i 


.+K-U) 




»0 
6(1 


+ » + ■■) 
.+K'-. 


11 


»(i 


. + K-+., 


1') ■ 
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90.+K-.) 9|i(.+U) + K| ^ Ak 4KK' 9(.+i.+K', t') 

8(0) "^ 9(0) . V l'' . . .. 9(0,« 

9(l.+K+a) 9ti(.— i.) + Kt /ii 4KK' 9(.— in+g, k^ 

9(0) 9(0) V f 9(0, k*J 



_ :r(.-ill)- 
+ ■) 9|i(.-i.) + K| _/k 

9(0) 

umle cum sil e(a+-K) = ©(K — u) 



90. + K— !■) _ KK' ^gii+KM-.,^ 
90.+K+«) ■ 90"+K'-.,10 • 

ideoqiie; 

I 90.+K-n) _i_ 90i.+K'-.,t') 

I ""■ 9(l.+K+u) "^ « °«- 90.+K'+., k') 

Porro 6t: 

i.ZO.+K) = ^ + .Z(.+K'. !■•) 



DDde; 
;i 
q. d. e. 

601 

Patet e formulis: 

«««.(u+iK*) =■—. [ , 



Argamentani d, quod, dum sioamu a nsijne ad 1 crescit, a ad K transit, nbi 
sin am a a 1 nsque ad -r- crescrre pergat , imaginarinm indnere Talorem Ibrmae 
K-i-iT, ita nt simnl t a nsque ad K' crescal; deinde crescente sin am n a -^ 
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nsque ad 00, iaduere u formam v-^iK', ita ut sioiul t a K n»qne ad decre- 
**^* *)■ 

Hiuc Tidemusj aiquidem in tertia specte Inlegralinm Ellipticomm, qnae sche- 
mate contcnta est: 



/i 






(l+n«n'»)ACy) ' 



ponatur, uti fecimos, u = — k*sia'ama, quoties sit n negattrum 
inter o et — Lk, poni debere n = — k^sia^ama 
-— kket — 1 , - - n = — k'sin'am(iaH-K) 

1 et — oo, - - ,n=. — k'sin'am(aH-iK'), 

desigDante a quantitatem realem. Porro cumtsit' — ' kk siu* am (ia)'=E: kk %* am (a, k'}, 
petet, quoties sit n positiTum quodlibet, poni debere: 
n = — kknii<>m(ia). 

Hinc qnatuor classes Integralium EUipticorum tertiae speciei nacti snmiis, quae respoadenl 
schemalis, quae Argumenta induunt 

1) ,, ti ia+K, 5) .+iR', 4) i., 

quamm tres primae pertinent ad n DegatiTom , quarta ad positivum. 

At per formulam l) §. 68 videmus, functionem n(u, a-f-iK') rednci ad II(a, a), 
sive claasem tertiam, in qoa n est iuter —1 et — 00, reduci ad primam, in qna n est 
inter et — kk. Porro e fbrmnla ll) ^^9i **), functionem n(n, ia) semper redud 



*) Obti^tnTnaiil: 

V i+k' /i ' • 

"-0, JL. , K, K+i£. K+iK', -5- + iK-. (K'. 

**) Haec fommla *c{licct, poiiio ia loco a i« Hqaentcm alul: 

'n(u,ia+K) — n(u, i>) 
— , ■ ■ - = — «< -|- Arc tg (« liii am u . ■■□ OMm u| , 

(^uid^ fptitat «>,.:?= ' a ' aM fa'vj — ' ^"" ^**"?- ^ fc"n«.l»» ^«■jenltrM #' 19 «iccedil 1 
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ad n(a, iaH-K), sive^olaueoi qMptflBi^ i» qoa .a est fxwltiiriitD -ad «•cdndain , in qaa 
D est negatirnm inter — kk et — 1. Uade inm aacti snmas theorenit> prop»dtum 
irtttgrait 






quaectmque ait n quantitaa reali» potitiva nu jtegativa, temper raiitei pMae Od integrale ei- 
mile, in quo n negativum eet inter «£ — 1. Qaod est egregiam inrentnm C3' Legendre. 

lam Tero coDsideremns cesnm generalem, i]oo et Amplitado et Farameter {brmam 
halient imaginariam qoamlibet: constat, eum casum amplacti escpressioqem 

designantibas u, t^ a, b qnantitates reales. At e &rmulis §' 66 Tidemns, eiosmodi ex- 
pressionem rednci ad qaatuor hasce: 

1) ncn. .), t) nc.v. ib), S) n(«, ik). 4) nciT. .). 
vel, si placet, ad qnatnor hasce: 

I) n(B. m-K). f) npY.ib+K) ■ ' ■ ^ ■■ ' 

9) n(it,iUHQ. 4) n(;v, »—ici. 
Generaliter enim expressio n(n+T, a^-b) ili expressiones n(a, a), n(T, b), n(n, b), 
n(r, a) redit, e qnibas qnatnor propositae prodeuot, siquidem loco t ponis iv^ loco a, b 
▼ero a — K etK-t-ib. Porro e fbrmulis 1), j) §' 69 fit: 

n(iT. ib+K) = n(T, b+K', k*) 

n(iT. .— K) = — n(T. i.+if, i.'), 

nnde expressiones l), 2) classem primam redeunt n(a, a), expressiones s), 4) in clas- 
sem secnndam n[a, ta-HK); id qnod nobis snppeditat - 

THEOREMA. 

Integrale propositum formae 



/- 



(l+iiMn'v)4(y) 



guodcunque iit n et (p^ aive reale sive imctginarium, revocari potest ad in~ 
tegralia similia, in guibite et (p reale et n reale negativum inter et — 1, 

Y 2 
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EhDc theorema -debetar Cl" Legendrej uu> qtnd tlle reules taiauib AoipUtutliues 
coatetnplatas ^t. ' ■ ■ -; ; 

Formulis 4), 5) §. 66 redacitur n(u-f-v, a-|-b) -4-n(u — v, a— b) ad n(n, a) 
el n(v, li), n(u-+-v, a-t-b) — n(u — V, a — b) ad n(u, h) et n(v, a). Hinc pa- 
tet, poaito 

n(ii + i.*+ibj+ n(u-iv,a— ibj^t 
. nCu-HLv.a+ib) - n(u-iv. .-ib) __ „ 

pendereL a functionibus n(a, a — K), n(iv, ib-(-K), M a funclionibus n(u, ib-l-K), 
n(iv, a — K), ideoque redire L ia classem primam, M in classem secundam. 

Haec sunt fuudamenta theoriae tertiae speciei lutegralium EUipticoruni, e priDci- 
piis novis deducta. Alla infra videbuntur. 

FUWCTIOKES ELLIPTICAE SUNT FUNCTIONES FRACTAE. 

DE FUNCTIONIBUS H, 0, QUAE NIJMERATORIS ET DENOMINATORIS 

LOCUM TENENT. 

61. 

ETolutiones §. SS exhibitae genuiuam functionom EUipticarum natn^m declarent, 
videlicet esse eas fnoctiones fractas, ut quaa iam ex. elementis novimus,* pro innumeris Ar- 
gnmenti valoribus inter se diversis et evan^scere et in infinitum abire. lam entecedentibns 
ad fimctionem delati sumus, (|nae fractionis, in quam evolvimos ipsom ain am = 

t */T»ioic(l — 8«l'cQifa+V](l — aywgi+S^Xl— »q<CQ.f ■ + q'') . . . 

/Y ' a-2qM..tx + q')(l-Sq'co,Jx + ,-)(l-*,'W.tx + q")... 

denominatorem coostituit, functionem dico 



»(~) 



a-ilto.»«-t-,1(l-8,'t..8.+,-)(l-a,'»»».+,") . . 



8(0) i(l-,^(i-,.)(i_,.)(l_,.)...|. 

lam et nnmenitorem parliculari charactere deootemas, atque pooamiis: 

\ K I _ t/ ,riai(l— g,'co.t.+,.)(l— t,«co«t.+,')(l— t,«co.».+,'.) . 

9(0) - |(l-,)(l-,.)(l-,.)(l_,T...). 



yGoogle 
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Reli(|ais adTOcatis evolutionibus §. 86 traeJitis, inTenimus: 

""•"• — -Vr — ^TjkTj 

unae posito — ^ = u : 



Hinc iluuat formulae speciales: 

«) e(K)=-^i H(K) = -y/i9(tl). 



/V 

d 

H'{ii) = /^TeM»niuA»aiii 8(0) + /"r»in»mu «"(ii). 



Fosito H'(n) = . ■, cniii sit: 



pro 



valoribus u = , u = K obtinemus : 

9) vi(fi)=/r&(p) = -^Bm.., woi) = &(fi.) = o*). 

E 2) aeqnitur adhnc: 

8(K) ■ * 9(K) 



' * 8(K) ■ * 9(1 



Oterum fit: 

S) 8(n+»K) = e(_.) = 9(.) 

S) H(.+!K) = H(-.) = -H(.), H(.+«K) = B(.), 



«] Fil nim Z(K) = 0, und« rii.n «"(K) = e(K) Z(K).= 0. 
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E formula !) §. S7 


,(K-_«lu) 








0(«+iK') = >< 


*" /T.1..U,.. 






sequitur: 








7) »(n+iK') = l. 


" H(.). 






Matato in hac fonnula n in n-t-iK', et advocata 


1) §. 67 








.(K--i.) 








8) S(.+JiK') = _ 


. " ec). 






prodit 


k(K'— 81») 








9) B(a+1K1 = i. 


*■' «(.). 






unde nireus mutato n in u-4-iK', e 7): 










,(K'_lu) 








10, H(.+«iK') = - 


. " H(.). 








E foirmnlis 7) - 10) 


deriTari possunt generaliores: 






11) .*'"'' 8(u)-( 


,(.+j..iKy 

-D". *'"'■ 8(.+J. 


IK') 






itau 


,(u+JmiKV 
-ir. ""'' H(.+J,nir) 






!.,.'"■«(.) = ( 


»(.+(Jin+l)iKO 


e(.+(j«+i)iK') 




») .'"■»(.) = 


«(.+(Jm+l)iK') 
-i)..... «"■ 


H(.+(J,. 


+ l)iK') 




E IS), IS) «l: 










15) e((Jii.+i)it) 


= Ci HfjmiK') = 0. 







Fonnolae S), 6) demonstraDt, fiiDctiooes 6(d}, H(d) mutato u ia U-4-4K, 
fonDulae ll), 12), fnnctiones 
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mutatoaiD u-|-iiK'immatatu manere; uode illae cnm fnncUoaibus Ellipticis alleram Fe- 
riodum realem , hae alteram Feriodom imaginariam commaueu habent. 

K fonnala 6) §. 66: 



9fi«.k) 4ir , ., »(«. k-) 




setjuitur: 


srua 


"<•■••« /Tr (T. k) *"-•'■' -, i 


i.""^ 


nnde e l): 

.., 9C".') ./"k «"' H(.+E'. k) 
"> 9(0. k) V k' • ■ 6(0. k') 





/k™."(..k').-^L|-if. 



.71 M(l..k) ,./k «g H(.. ),■) 
'" 9(0, k) = 'V V' ■ 9(0. k') • 

E 16) sequitur, mntato n ia iu, et coniiimtatis k et k': 

Hf..+I. k) fk txW 9(.. k^ 

' 9(0. k) V i?' ' 9(0. k') • 

cni adiuagatnr 9) $. 67 : 

,„ 9(i.+I,k) /T 4XK' 9(.+K', k') 

"^ — 9(0. k) • V r' 9(0. t) — 

E fbnnula supra inrenta: 

9(.+.) 8(.-Y) = *'°,^'' (1-k'ri.'.-. . .«■«».), 
sequitnr : 

«)9(.+.)'9(.-v) = »'■»•'-■--- . 



Qua ducta formnla in 

, , , . , , kfiii'»iini— k»in'im 
kNiiun(v-t-T)nii«Di(«— t) = - 



l_k**iii*«Diu «m** 
H*iie'T — 6'uH't 



©»»»•, — H*oH't ' 

prodit: 

.., H(.+.)H(-.).. "'•"''-*'•"'' 
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DE EVOLUTIONE PUNCTIOKUM H, 9 IN SEHIES. EVOLUTIO 
TERTIA FBKCTIONUM ELLIf TIC ABUM. 

62. 

Evolvamiu fimctiones 



1(1-1) (i-q')a-9')...;* 



_^ fW»iQ»(l-8q'co»g. + q')(l-»q«.:0.n + q')(l-gq'M»t» + q") ... 



0(0) t(i— q)(i— q')(i-q'}...j' 

in serie» 

® hr) 



= jWfB'«»'-B"«n8»+B'""n5x — ir'wn7i+...J. 



9(0) 

Determinatioiiem ipsarum A, A', A", A"', . . ; B', B", B"', B"", . . naQcLtcimur ope 

aequationum 7)- 10) §' antecedenlis , quae posito u = — ^, q = e in setjuen- 

tes aLenDt: 

-(^) = ^--(^ + -) 

iH(i|L) = ;rT...«(J5L + ,r). 

Quam in £nem evolutiones propositas ita exhibemas: 

«(^) 

' -.— : — = A — A'e«'» + A"««i« — A"e»'* + A-^e'!" - . . . 

«(0) ^ ^ 

— A'e-«'» + A"^'« — A"e-»"» + A"*-»'* 
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«f— ) 

»(0) »11, -r -r I 

-. V^f*.-"' — B".-"l«+ ir.-"l«— B-.-'l«+ . . .1. 

Motato X in x — ilogq, abiu"'" iu q^e"'", e"'*'" ia '~" ' ; pom)e(-^], h(-^) 

in6( — ^-t-2iK'), H(— ^-4- 2iK'j. HinG naQciscimur; 

8(0) ' ■ «{Oj 

— - A,e-I« + A'q»fl« - A" «!»«•'« + A^-q'*"» - . . . 

^ . m , 

_ ^«-«1» + A-e-*'» — i.«-«lx X *_e-«'« — . . . 
qi q> qi ,» 



H(i|l) _ _^^ H(ifl + .K.) 



^ 9(0) 



. -/vg.-"- 5.-'« + ?:.— - 5:.— + . 

ir 1* <i* 1' 



.\ 



QoibDs cam expressionibus propositis comparatis, eniimns: 

A' = Aq , A' = A'q', A" = A'q', A"' = A^q' 

B'«.B'q'. tf-^B-qS B"=Br"q». B™ = tf",. 

ideoqne 

A' = Aq, A"eiAq«. A'" = \tf . ^'"'aiAq", .... 

B" = B^q', B"' « ffq*. B"" = B^q". B"" = B^q»» 

ande emlntioDes qnaesitae fiant: 

«(— ) 

i -i— = ZV 4 B^tMoi — q*MB8i + q'->ria5T — q'-»sMi7« + q*-*tiD9x — . .1 

= SitY^nn' — «V^""»» + sV^"»«« — «V^»™''* + ■ -J- 

ETolnliones inventas alteram ex altera derivare Honisset ope formolae: 

iH(i5i) = ;rT.-«(i5i + m'). 

z 



Digi 
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loventa enim rarie: 
«(— ) 

mutaudoxinx — ilog/^, qno facta e*"''", e"""'* aljeuot io q^e'""*, - — 5 — , ®("T~") 
in©/ ^-i-iK'j, etmultiplicandoper Vq e'*, obtinemus; 

0(0) * ^' ©(0) 

A{yT(e'»- ."i") - /^{."«-.-i*) + VV("*" - «-•'") + ■•■!. 

sive : 

Qua iiuuper Analysi eruimus: 



63. 

DeterDunatio ipsius A artificia particularia poscit. Poaaams, (jnod ex antece- 
dentibus licet: 

(1- SqcotJi + q^Xl — Iq'co»Si + q«)(l — tq'M.ai + q") . . . c= 

P<q) Ji — Sqto»**^**!*»»»** — *q'M»6i + tq"«M8x + ...1 

.m.(l - Jq»CO.J. + q«){l - «q'«).2i + q») (1 - tq«Co,t, + ,■•) . . . = 

P{q){»in« — q' -'11051 + q*-'«o5i — q»-«»ia7« + q*-iuii9( — . . .| j 

fil: 

. ^ P(q) 

({l-q){l-q')(l-q^...J> ' 

Expressio secunda immutata maQet , ubi ducitur in primam , et post factam productum po- 
nitur <|' loco q. Hinc obtiQemos aeqaatioDem idraticam: 

P^q^^PCq^J"»- — q*ri»»» + q"»i"5« — 'i^»i«'?«+---)x 

j 1 — Sq*coi2i + 8q»CO»4»— *q"co»6i + . . . J = 
P(q){«ni — q'MoS< + q«.ill5< — q"Mn7» + .. .). 
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Ipsam iam iDstituamas mnltiplicationem , ita nt uluqoe loco 2 sia . mx cos . nx scri- 
batDF sin(m+n)x + un(m — n)x: lacile patet, Coefficientem ^sius sin x in pro- 
dncto erolnto fore: 

i + «i' + fl' + q" + q* + .-. 
ita ut prodeat: 

At inreDimus e secmida fonnularnm propositarum, posito x =-^: 

(a + q')(l+'i*)a + <rt...P=P(<l)(» + l' + <l- + q" + q"' + ...). 

nnde : 

.ia^_,(t+,')(i+,.)a+«')...r. 



(i-i,-)(i-,.)(i_,-) . . ■ 

HIqc e mediodo iam saepios adhibita *) aeqnttnr; 

•■(* = 



(!-,■) (!-,•) «-,")(I-,') 

Hinc tandem prorenit; 

I 
A = 



(i-,-)»-,.)»-,-)... Hi-<i)0—f>ll~i') ■ ■ -f 

(!+,)(■ + ,■) ('+,■)(! +,■)■.■ 
(l-,)^!-,')^-,')^-,.)... • 

sive ex iia) quas $. 86 dedimus, eTolalioniims; 

I /tVK 

Quantitatem illam , quam hactenus indeterminatam reliqnimns , 6(0) pooa- 
mns iam: 

„_ 1 /aTK" 



*) Videlicct ponenJo (ucceuWe q'> q*. q*. q'* . . loco s M initilneiido nmhiplicationein infinitain. 

Z 2 
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IJ e|.£^\ = 1 — tqcosti + 2q*ca34i _ 2q>coi6i -|- 2q'«CM8i — .'. . 

64. 
Aequationem ideQticain, qnam antecedentiliDS comprobalum ivimus; 

1 — gqcl>*ti4-g q*coa4. — gq'co*6i + 8q'*co*8» — . . . 

(l-q')(l-q')(i-q')(i-q') ••■• 
alia adhuc via , a praecedente omnino dirersa , inTestij>are placet. ' Oaam in iiiiem 
tamquam lemmata antemittamus formulas duas seqaentes: 

1) (l+,.)(l.l.q'.)(l + q..)(l + q>.) ... = 

q'.* . q"»* 



l-q- ^ (l_,.)(t_,.) ^ (1_,')(1_,.J(1_,.) ^ (t_,')(l_,.)(l-fl(l_,.) 



«+■ 



») 



(i_,.) (i_,-.)(i_,'.)(i_,>.) . . , 



- + 



i_,, ^ (i_,)(i_,.) • (i_,.)(i-,..) 



(l-,)^-,')^-,') • (1_,.)(1-,'.)(1_,..) -r--- 
Ad demonstrationem prioris obserro, expressionem 

(l+,.)(l + ,'.)(l + ,'.)(l + q'.) . . . 

posito q'z locoz et multiplicatione iacta per ( t+qz), immnlatam manere; imde posito: 

(l + ,.)(l+,'.)(l+,..)...= 1 + A'.+ A- .• + *■- .'+.., 

emitur: 

l + A-. + A-.' + A-'.' + .., = (l+,.)(t+A'q'. + A-,'.' + A- ,..' + ...), 
ideoqne, facta eTolntione: 

A' = , + ,'A', A" = ,'A^ + q.A-, A"' = q.A^ + q'A'-, 

sive : 

■-^J^, A" = -3l^. A'" = -3l;^ 



l_," ' i_,* ' l_,. 
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uude: ' ' ' ' > ' ' ""' ' 

aicuti propoaitum est. 

Atl demoDstratioDem formulae i) observo, expressionem 



{l_,,)(l_,'.)(l_q>.){I-,r.) 

positocjz loco z et multiplicatione facla per -j— Y» *'"™otatam manere; uudeposito: 



(I_q.)(l-S'-){1-'J'")U-'I'«) ■ 



* + -ii:^+ ci_q,)[t_,».)''+ (i-<,i)(ii-,'.)(i_q'.) ''"■ ■ 



obtiuemns : 



' + n'_OKur— n^.uiJ-o^ii 



•"nr^pT^ (l-qB)(l-«l'«) ^ (l-qE)(r-q^i]{li-q^i) 

A'q» A"q',' A-q^t' 



•jr^+ (l_q.)(l-^*.) ^(l-q.)a-<l*«)a-q'0^ (l-qx)(l-q'x)(l-q>«){l-q'') 
_ . j. (1 + A''I)» . (q'A' + q'A"),' . (T*A" + q'A"').^ 4. '1 

-*-»■ l_q. "^ (l-q.)(l-q'.) "^ (l-q«) (l-q'.)(l-qU) ^"" 

Hinc auit: „ 

A' = q + A'q, A" = q^A^ + q^A", A'" = q'A" + q* A'", , . . , - -' 

ideoqae : 



q A" = '^'^ A"' T^ j^^^ !': , 

l_q ' l_q" ' I — q> ' 



unde: 



^ - l_q • " (l_q)(l_,^ ' (|_q)Cl_qO(l_,.) 

sicuti proposilnm est. . l 



Subttituendo fdlicct in ringnlu teraiiBi* re»p. •— — = l + ' • ,_ , ^ 
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lam formemns productnm : 

{(i+,.)(i+,..)(i+^.) . . .} {(i + -a.) (i +i)(i. + i) . . .} 



(1_,')(1_,.) (!_,.) (l_,.)(i_,.) ^ -J 



. .' H ) X 



_l_.i.. 



r ^ i-,'' . ^ (i-,')(i-,*) '•' ^ (i-,-)(i-,.)(i-,.j:.'^:'7- 

Coefficientem ipsins z° sive etiam — , qaem ponemus B'"', eruimus seqneutem: B"" = 



(l_,^(l_,.)... (1_,.") 



1-," ' l-,"*'^ (l-,")(l-,') ■ (l-r,"")(l-,'"».) 



1 (!-,■) (l-,-)»-,") (l-,.''*')^!-,"".)»-,.»") ^ 1 

At e formala 2), posito q^ loco q et essq*", expfessionera , qaae nnci» taoliisa conspi- 



citnr, invenimus =s 



(l_,.««.)(l_,.".)(l_,.«..)(l_,...».) .. 
unde 



(l_,.)(i_,.)(l_,.)(l_,-) 

ideoque : 

{(i+,.)(i+,..)(i+,..) . .) ((i + -3-)(i + i)(i + -t) . . .j . 

.+,(.+4.)+,.(.'+±)+,.(..+±)+...' 

sive poaito 2 = 0''*, et mutato q in — q; 

(l_J,co.S. +,')(1-S,' .o,«. + ,•)(! _I,.c<i.«. + ,'.)... = 
1 _ a,co*S. + S,.cQ.<. -SifcoiGt + ■ ■ • 



(t-,')(l-,.)(l_,.)(l-,.) . 

Quod ttemonstraudum erat. 
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Ubt pomtur — qz* loco z attjue per Vq z mulUpIicatur , prodit; 
'/1f l^; ^ i-jl {(t _ ,'0 (1 .- q" »•) Cl - i-W • ■ •} X 

'' (i-q-Xi-q^^a-q-^Ci-q') .... ' 

sive posito z = e'": 

' (l-q^^Cl-q^Xl-q^Xl-q») . . . ' 

qoae est altera evolutio InTenta. 

65. 

Erolutiooes ruDctionuoi 

1} e| L| f= 1 — ZqcoiZi + tq*coi4x — Zq*cei6i + Zq"CMSi — .. ■ 

Z) h(-^^) = «i^^iinx — tV^MnS. + tVV*Ni>S* — tV^«ii7« H 

spoDle ad eToIatioDem nOTam fuaclionuai Ellipticanim ducuot. Eteoim e formulis l) §. 61, 
poaeado n = , oktiDemns : 

• - . »(^) 

H(iL(. + ^)\ 

"'■" — = Vr— ^ppp 
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unde: 

S) * 



;; V ^ " 1 — 2qcojax + Sq'co.4x — Sq«co.6s + aq'*co.8. 



ZKi _ /-rr 1 +2t}C0ii» + gq*eor4«!+ aq^coifii + ggf co»8» + .. ■ 
5) A ,„ ___ V k 1 _ Sq co.«r + 4q* co.4x — *q« co.p. +*q'*ct«8>. 

Porro e 2), 8) §. 61, cam positum sit (O) =y -;^ — , olJtiDemus: 
«,K, = /^. H(K, = /n?. 9(0, = y^. H'(,» = /!iIE, - . 
unde e 1), 2): 

6, y ?^ = 1 +S, + «,• +lq' + Sl'- +IV' + -- 

7, y^^ = sy7 + «'/v +!'/?+«'/?= + «'/? + ... 

8) y '-^ = 1 - «, + «.r - »q- + «s" - «i" + • • ■ 

9) ■l/^kk-(.?J^y= «■•/T-6*V? + •O'/?' -'»'/?• + 1«''/'?' •).. 

unde etiam: 

.m xt - «'/T + »'/y + «'/l" + «'-/"^" + «'■/'?' + . ■ ■ 

■")*«- i + «, + «,. + 8,. + «,.. + . . . 



/v = 



!_«,+«,• — «,• + 8," — «," + . . 
! + «, + «,• + «,• + «,'• + «,» + . . 



Fitporro, cum .it Z(u) = ^, n(u, a) =nZ(.) + -i-log-|^=^: 

CK / gKi \ _ 4, .m«i — 8,.,io4i + ia,^«n6i — 16," 1.08, + .. 
** « \ # / — 1 — «,co.2i + «,.co,4._«,^cm6« + S,..co.8« 



*, Etcnim cum »1 



diBereiiliaU «, Mcundum i d posito <lein.)e 1 = 0, prodii 



B'(0, 



= /"■(")•■ 
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„, n(i^.if*)-Mi..z(Hi) 



SKA\ 



1 1 - »qc.»t(i-A) + »<• .!>■«(— *)-«q'e«i61,-A) + .. 

+ "r'°« 1 _ J,co.S(.+A) + «," to.»(.+A) - «q- co.6(,+A) + . . ■ 

Qnae e«t eTolutio tertia funcltonam Ellit>ticaram. 

' 66. ' 

Ex eTolntionibus inTentis: 

') 1(1— q")(t-q*)(l— iff ..11(1— «!««••■ + 'l')"-«l'""«» + 'P*)(' -««""■«'+ 1'") ...! 

1 — Sqco*«. + «q*«M*" — »il«eoi6k+ «,'"cot8, — . . 
((1 — q')^! — q«)(l — q») ..)Mll,(l— «q*CO.«, + q«)(l — «q*co.«, + q') .. . 

■in, — q*»in8, + q* «in*, — q"rin7. + q* .in9. — . .. 

(niarutn postremam, posito /q^Ioco;!!, ita qnoqlte exbil^c|.e licet: 

t) 1(1— q)('— q^C— q») ..I.ln,(l— «qco.«, + ,•)(!- «q'co.«,+q.)(l—«q'co.«. + q,) . .. 

Mi, — qdnSx + q.rinS, ^- ^ tia7 % + q'° nn9, — q'> .inlli + . . . , 

seqaitnr, posito x = 0, x=s-j-: 

(l-q)(l-,-)Cl-q-)(l-q-),.. „ , _ „ + „. _",,. + ,,.. _ , . . 
' (i+*(l+q')(i+q')(i+q').-. 

(I_q1(l-,.)(1-,.)(1-,.) , ■ . _ . ^ ^ . ^. ,. ^. ,,. .^ ,„ .^ 
' (l-qXl-l-JC-q-Xl-q')..- 

5) I(l_«(l-q')n-q')C-q') . . .,» = 1 - «q + «q' - Tq- + »q" - . . ■ 

Ponamus in 8) J^^-i". fl' ""=' = -+ V T' "■'''' = <'' sinSx = — y -, siii7x 
— -l-i/.^, cet.; porro (1 — q)(i — 2q cosjx-t-q") = 1 — q', unde 2) io Iianc abit 

formnlam: 

(i_,.)(i-4«)(i_,'0(i-,") .... ^ t-,>-q' + r+q"-q" 

sive ; 

6) (l-,)(l-,')(l-q')C-'i') ... = l-,-q' + q' + q'- q'"- 



Aa 
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cuius lienei lurmiiius geoeralis est: 

8 

(-l)"q 

Comparatis iuter se 5) , 6) obtinemus : 

7) Jl _ q — q' + ,» + 4' _ q" )' = 1— Sq + 5qi _ 7q> -f 9q» 

Formulam 4) etiam Cl. Gauss iaTenit iu Gommeutatioae : Sununatio Serierum 
quarundatn airigularium. Comm. Gott Vol. I. a. 1808 — 1811. Quam iUe deduxit e se- 
queute fonnDla memorabili: ■ • ■ 

(l-q.) (!-,■■) (l-q- .; (l-q-.) ...■ _ .... - ;., - T ,..._: ■ 

(l-q)(l-q>)(l-q>)(l_q')... 

1 + i('-'' . q^d-.Xl-q.) , ■q'(l-.)»-q^(»-q'«), . . , • 
"^ 1-q "^ (l-qXl-q-) (i-q)Il-q*)(l_q'), "•" ' 

posito z=:q. Cui addi possuut formulae similes, quarum demonstratioQem hoc loco 
omitto : ■■■---■:■_,. 

„, ' » -l-l('H-q.)(l-)-q'.)., I (l-.)aT^q.)(t^q'.t)',7. - . .■, 
» ('+q)(i-HqHi+q').. "^ « (t+q)(i+qV(l+q').'. ~ 

j _ q(l-.') ,.(!-.■) (l-q-..) _ ,.(l_,-)(l-q'.')(ll,..'.i' ^ " ' " ' 

l_q' ^ (l-,.)(l-,., (1-,')(1-,.)(1_,.) +••■ 

im _3_ [l+.)tf+,.)(l-h,'.).. _ _5_ ' (l-".)(l-,.Hl-i,?',),," '^~ 

!. ■ (l + ,)(l+q")(l + ,').. S. ' (l + «(l + ,1(l+,'J.. , Z- , ,. I ■■ 

_ q'('-''l , qMl-.^Xl-q'.') _ q"(l-.')(l-,',.)(l_,...) 

'-1" <'r«l'-i') . (i-qfd-^xrvf)- ■' +- ■•■ - 

(jaamm 9), posito z = q, praebet: 

('— ,1(1- ,')(!- ,1 .' 

(i+q)(l+,') (!+,■).■ 



i.j--L ('-q)('-q')('-q').'. ". W ".^'' 

2^8 ■ (1+,1(1+<.'1(1J..^1., -'-1 + 1 -1" + ... 



(l-q^d-q-^d-q^^d-,.).. . 

d+q)d+q')d+q')d+^Vr-'-''''*"''^-'' "•"•••• 
quae est formula s). ■ 

iormula 6), quae profiim3issipM(e io^agi^ est, ut quae « tuuctvms fifiictioDum 
EUiplicarom pendet, iam e longo lempore a CI. Buler inventa esl el luculenler . 
strata. De qua iiisigni demouUstipue alibi nobis {usius ageudiim erit. 
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His addamus evolaUones sequeules: 






(l— aqOMij + ^^a — «f «W«»+q"){l — «q'«W«» + q") . 



g/Va- q') tWa-q') ■ , • igyy(i-<r) 

l — 2qCOi<X + q* 1— »q'coi«i + q» "'" 1 — « q> W «* +, ^?" 






Ki-q^d-^-xi-q-Ki-in ■ ■ .r 



™.(l-J,'co.I. + ,')(l-!,<co.J. + ,-)(l-!l'ra"x+l"). 



1 4,- (!+,•) .1.. 4,-(l+q-).ii.. <q"(l+q-)d.. 

,ii.i ~ 1 — ^,"to.J. + i|> "^ 1 -*,'«.»..+ q" l_S5'co.)(, + q" "^' 

_^ _I_ ( (l-q-)(l-,-) q-(l-,') (!-,•) q-(l-q-)(l-,") _ 1 

^ .in. i 1 — S,'co.X. + ,* 1 — 2,*cap2« + ^' J ^p (^.'co.S. + q" 'f' 

(|uae e nota theoria resolutioo^ iracuoiium compositaruiu iu simpUcep facile ohtiueutur. 
Hiuc deducuutur evolutioues speciales: 

"> ^-^(^)-^?(4$f)+'^(4^)-" 

Quibus cam eTolutionibus expressionum , supra exhibitis comparatis , prodil : 

/V V q* , _/V_ _ /V , 

l-q i-q' "^ 1-q' 1_<^'-.T.:;, ... 

i+, ^ i+,- 1+,' ^ 1+,' 

1 _ -iS- + 't' - 'i* + «1" _ 

1+, "^ 1+,' l+q' ^ 1+,« 

Siinili modo Cl. Clauam ouper oLscrTavit *) , serieni 

1-, ^ 1_,' ^ l_q. ^ 1-,' ^ 



•) Crvttf Journd ccl. Toin. III. p.g. 9S. 
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transformari posse ui hanc: 

InTeDlmiu snpra evolationes ipsornm , eorumtjue tligDitatnm secnndae, 

lertiae, (juartae in saies. Quae igitnr erolntioDes dignitatis secnmlae, qaartae, .sex- 
tae, octavae expressionnm 

y i^ = 1 + 4, + 1,. + «,. + jq» + . . 
y i^ = sVT + *V? + «V? + «V"5= + ■ ■ 

suttpeditant, umle raria theoremaia Arithmetica finant. Ita e. g. e formDla : 
(■?")' ={* + *•! + ^l' + «"T + ««- + ■ .f = 

1 + 8E»Cp){qp + Sc,»p + sv" + Sq"*" + • •}. 

ubi p numerwi impar quiUljet, (P (p) summa factomm ipsius p, fluit tamqnam Corol- 
lariam theorema inclytam Fernialianam, nnmemm nnnmquemqae esse summam qua- 
tuor quadratomm. 



TTTI» ExrnElJtVH OEBAUERIIS. 
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COHRIGENDA. 



LMtorem bcnerolum oratnm toIo, ut t 

scqnentta : 



k corrig«t , quM irrepserunt menda graTiora 



Pig. 9. lin. 11. leg. M loco U, t>i*. 

A t-V . A 1-»* 

— 8. loco k' leg. »'. 

— 8. — 6. loco/kTTleg. /T. i.bi». 

— 9; U et V abiqae iDter m cominului debent. 

— 10. — «. 4. 6. loco — /Tr le«. +/T- 

— 17. — 8. loco «"y, b"y leg. «"y', b"j'. 




i. _ 17. locoCl+J-JMeg. (l+t«)'. 
». _ 5. loco + y* le§. — v*. 

-~ 7. loco; V /oeo u, leg.: u Imo k. 

_ 18. loco (I— o'»') leg. (1— *u*t'). 
(o+^')y + - .. 



lin. pottr. loco: 
_ 31. ~ t. loeo 



/(H 



'')H 



«•'{1 + «■•')- 



/l_k'.iQ»' /'l-k'. 

. 3S. — 10. 11. toco k leg. k'. 

lin. portr. loco pro/ecU leg. perf«UL 
n— 1 

- 39. — 16. loco H leg. (—1) ' M. 

- 47. — 10. loco {. . .J' leg. (. . .)♦. 



. 51. — 8. delendnin 



= / 



/1. 



Jik'" ■ 



— 9. delMidiiin 



/pr. 



(.) co. . 
.diiciraduin 






= /^-".M-"(.+'-?)-("+V')-"K*-^')- 
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p»g 


60. 


lln, 19. loco /"l-A.'=' leg. v' l-:^'y' 


~ 


6S. 


— 6. loco Mn' im u leg. y y. 


- 


6*. 


— ^■-^- 


- 


67. 


— 17. loco — IMA' l<g. +1MX«. . 


- 


76. 


1 X''.. , 1 X".. 
— 4. loco — . — l«g. . -^rj — 


- 


79. 


-— (k)-«(S)-" 


_ 


80. 


_ 9. loco — _ hf, — . 



— 12. loco t»k'' lee- 4l['k'', Joco k''(I-fc')' hg. 4k''{l-k'j'. 

— 14. loco k»(l — k')' leB- kHl+k')'- 

— 11. toco — q' l«g. — 2q*. 

— U. loco k'»»' leg. k'»>'. 

lin. pniult, loco oppotuiate leg. oppatuitte. 

— 4. loco i3_ leg. ^3_ . 

— I. loCO--q'«leg. --q". 

— 8. loco formula tcg. imdt farmida, 

— 18. loco evobitat, — — naaeiteimur leg. evoiutae 

- ■■-(^)'-(^)' 

lin. ull. loco qutm leg. quam. 

,, , «K SE' , , «K «E" 

— Ix. loco — . leg. — S ■ I . 

— 8. loco 9829 leg. SI29. 

— 15. loco + Stk' leg. + «»k". 

— 80. loco n(2D— t) Ifg. n(2n — 1). 

,. , , d'iiiiainu , d*nn"amu 





du' *" du' 


- 118. 


— 8. loGO — 2 leg. — f k'. 




— 10. loco — St(l+k*) leg. — S2k*(l+k'). 


— 120. 


-"■-(^•^-^■^)-(^- 


— 124. 


— 7. loco «□ un (u— Y) — leg. ■in am (u+v) - . 






- 125. 


— 10. toco — 2 leg. — . 


— 128. 


lin. pcnult. loco 2.4.6.7 leg. 2.4.6.8. 


— ISI. 


— 1, «. S loco (— l)"*"-'. (-Ijn^n-', (— J)n6»-' | 




C-l)"-'6" — '. 



'•••'-(^)"-'*(^)"" 
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pag. 132. lin. 14. loco tang- am u leg. i lang. im u . 

_ 144. _ 7. loco 1 — k'»in*am u . tia' <p leg. 1— k» jio' am s . tio' »m n. 

— 15S. — 7. laco ijuiiot, traitu teg. quibut, IraniU. 

— 154. -11. loco ZM-ZCu + »)I«g. Z{n) + Z(a)-Z(Q + .). 

— 158. — 10. io denoniinatore loco 1 — L* .. Icg. 1 + k* . . 
-159. _ 14. loco -n[u, u+b)l«g. -n(i., a+b). 

— 160. — 1&: 2), 3) delendum. 

— 164. - 10. loco ((i-qX'-')')^»— «!*) ■•) '«B- ia-^)U-q')(*-i') •■)'• 

— 169. — 10. loeo iuZ leg. iaZ. 

— 171. — 21. loco c/oMcm leg. in tJa$tem. 

— ITt. — 1. loco £ kg. El. 

— 6. i«o n(tt+i, a+ib) i.g. n(u+i», a+ib). 

— 174. -' i. loco UB am u lcg. un am u . d u . 

— 176. Ib. nntep. loco Quam leg. Quem. 

— 178. — i. locb vark leg. jwie. 

— 180. — 8. loco Quam Iqi- Quem. 
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3n unfmn SOitlage i(l erfc^i(n(n; 

fitatianiet, Dr. g. SS. a., UntnfiK^ungen iibn Me %a^n tr^ grogen Someten tom 3°&t 1811. 
aSit 1 ftupfei st.4. 1823. ge^. 1 gtt^lr. 

@au(t)9f ^- 8-f Se^tbutb bet alaebtoifi^en 9(n<ilpfi«, avti bem Stanj6fif(tcn ubeife» twn S. {. SP. 
«luslet. 9t. 8. 1828. 2 Olt^Ir. 

Herbart, C F., de attenlionis ineasura causis(|U« pnmariis. Fsychologiae princrp!» slalica 
et mechanica flzeinplu tlliislrAlurus. 4. 1822. 25 Sgr. nder 20 gGr. 

— — iibei tHe SR&glJitfeit unl) gtMtmentigfeit, ^at^ematif auf ^fpcbofogie anjuiMntvn. 3. 
1822. 12J ©gt. otwr 10 9®t. 



9}&(f)11en« tvtrb erf(t)ein(n: 

Tabulae Regiotnontanae reductionum obserTationunn astronomicartim ab Anno 1750 usque arf 
Annum 1850. Auctore F, W. Besael. 



!}et)cfibec ^DcnttJifler 
in $inig9i>tt^ 



yGoogk 



gilizedbyGoC^le 



3n unfctm SQrtfage ifl «cft^ienen: 

acAeUnber, Dr. g. SD. a., Untecfut^nngen ibtv Me SBa^n t)e€ jcofien Qometen Bom 3<i(><^ *^^'- 
mt 1 Supfft gr. 4. 182S. se^. 1 9lt^Ir. 

€au(t)9, 9. {., £e^rbu(( bec alaebcatfcten SlnalQri*, Qui tvm %ran)6^f(ticn ubrrfe^t von C. £. 9^. 
|>us(fr. gr. 8. 1828. 2 9tt&(r. 

Herbart, G. F., de «tteotionis iDeosura cauftis<jue primarii». Psychologiae principia ^laticn 
et mechanica ezemplu illuslralurue. 4. 1822. 25 Sgr. nder 30 gGr. 

— — A&ec bie 3)I69(i($feit unb d^ot^ioenbigfeit, 9Ratf)eiiiatjF auf ^fptbologic anjutDenbcn. 8. 
1822. 12J Sgt. obec 10 g®c. 



Sfl^flen^ wicb erfrfjeinen: 

Tabulae Begiomontanae reductioaum obMrTationum aslroDomicamm ab Aono 17&0 usque ail 
Annum 1850. Auctore F. 'VV. Beasel. 



$ebcjibec S^ocntc&flcr 
jn $inig9i>tt9. 
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